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Abstract— A deep understanding of the structural properties
of wireless networks is critical for evaluating the performance of
network protocols and improving their designs. Many protocols
for wireless networks — routing, topology control, information
storage/retrieval and numerous other applications — have been
based on the idealized unit-disk graph (UDG) network model.
The significant deviation of the UDG model from many real
wireless networks is substantially limiting the applicability of
such protocols. A more general network model, the quasi unit-
disk graph (quasi-UDG) model, captures much better the charac-
teristics of wireless networks. However, the understanding of the
properties of general quasi-UDGs has been very limited, which
is impeding the designs of key network protocols and algorithms.

In this paper, we present results on two important properties
of quasi-UDGs: separability and the existence of power efficient
spanners. Network separability is a fundamental property leading
to efficient network algorithms and fast parallel computation. We
prove that every quasi-UDG has a corresponding grid graph
with small balanced separators that captures its connectivity
properties. We also study the problem of constructing an energy-
efficient backbone for a quasi-UDG. We present a distributed
localized algorithm that, given a quasi-UDG, constructs anearly
planar backbone with a constant stretch factor and a bounded

on UDGs. To combat this problem, a more general network
model, the quasi unit-disk graph (quasi-UDG) model, has been
recently proposed to capture the nonuniform characteristics of
(most) wireless networks. Formally, this model is defined in
the following.

Definition 1: A quasi-UDG with parameters and R (r
and R are numbersy > 0, R > 0) over a set of points in
the plane is defined as follows. The points in the set are the
vertices of the graph. For any two pointsand v in the set
with Euclidean distancéuv|: if Juv| < r thenuv is an edge
in the graph; ifluv| > R thenwuw is not an edge in the graph;
and if » < |uv| < R thenwv may or may not be an edge in
the graph.

In sharp contrast to the UDG model whose properties
have been well understood ([1], [9]), the understanding of
the properties of general quasi-UDGs has been very limited.
Among the limited knowledge about quasi-UDG, a notable
result is the “link-crossing” property discovered for quasi-
UDGs whereR < v/2-r [2]. The serious lack of understanding

degree. We demonstrate the excellent performance of theseOf the properties of general quasi-UDGs is impeding the design

auxiliary graphs through simulations and show their applications
in efficient routing.

I. INTRODUCTION

of key network protocols and algorithms for this model.

In this paper, we present results on two important properties
of quasi-UDGs: separability and the existence of power effi-
cient spanners. Network separability is a fundamental property

The connectivity structures of wireless networks exhibthat leads to efficient network algorithms and fast parallel
strong correlations with the physical environment due to tttmmputation [11]. A (vertex3eparatorof a graphG is a set of
signal transmission model of wireless nodes. A deep undegertices whose removal splits the graph into two non-adjacent
standing of the structural properties of wireless networks [mrts of similar sizes. We call a gragh well separableif
critical for evaluating the performance of network protocolany subgraph ofG has relatively small separators. A well
and improving their designs. So far, many protocols have besgparable graph has strong localized properties. As a result,
based on the idealized unit-disk graph (UDG) network modéhe performance of protocols for routing, information retrieval,
where two wireless nodes can directly communicate if amgtwork monitoring, etc., can be significantly improved for

only if their physical distance is within a fixed paramefer

such graphs. We first construct a grid graph that is an abstrac-

Examples of these protocols include routing [3], [9], topologiion of the given quasi-UDG> and show that the grid graph
control [1], distributed information storage/retrieval [4] and & well separable. The separator we obtain for the grid graph
great variety of other applications. In practice, however, thig of size O(v/N) and can split the graph into two parts of
UDG model significantly deviates from many real wirelessize roughly%, where N is the number of nodes of the grid
networks, due to reasons including multi-path fading [6], [13fraph. In addition, both the degree of the grid nodes and the
antenna design issues, inaccurate node position estimatiomnber of edges crossing any given edge, are upper bounded
etc. It is not uncommon to observe stable links that are filly constants. Among many applications of the separators, we
times longer than unstable short links [13]. The significaptresent, as an example, a compact routing protocol based on
deviation of the UDG model from the real/practical networkthe grid graph construction and the distance labeling technique.
is substantially limiting the applicability of the protocols basete prove that the routing table size of each node in our



protocol is bounded by)(v/N log N), which is much better having small separators. The grid graph is a “sparsified” ver-
than the tight bound proved for general graphs and closesion of the quasi-UDG, which retains the distance information
the lower bound of2(v/N) for bounded-degree graphs in [7].for vertices and represents well the deployment region of the
The ratio of the routing path length to the shortest path lengffuasi-UDG. As a result, the connectivity results for the grid
is upper bounded bg + ¢, wheree is a small constant. More graph can be easily mapped to results for the quasi-UDG. An
extensions of the results are also included. example of a quasi-UDG and its corresponding grid graph is
In the second part of the paper we study the existence aftbwn in parts (a) and (b) of Fig. 1, respectively.
the construction of energy efficient backbones for quasi-UDGs.
A backbone is a spanning subgraph of the wireless network
used for efficient communication. By using only those edges in
the backbone for communication, signal interference, routing &5
table size and power usage can be substantially reduced.
major requirement for the backbone construction is preserving ¥\
the shortest path distances between vertices as much as pos-
sible. For a backbond of a graphG = (V, E), the stretch
factor of B is defined ass(B) = max{{E{“%u, v € V},
where fg(u,v) and fg(u,v) are the lengths of the shortest
paths between verticegs and v in B and G, respectively. (@)
The stretch factor reflects the quality of the backbone. There
have been results showing that for UDGs, bounded degree and
planar spanners can be constructed when the distance function
f(u,v) is defined as the minimum power needed to send a
message fromu to v [8][14]. In this paper, we present a
distributed algorithm that constructs a backbaBefor any
guasi-UDGG with a constant power stretch factor. The node . O O
degree of the backbonB is upper bounded by a constant.
In addition, although it is in general impossible to construct
planar backbones with constant stretch factors for quasi-UDG, (c) (d)
we show thatB is nearly planar More specifically, we show Fig. 1. (a) A quasi-UDGG with 100 vertices and?/r = 0.5; (b) The grid
that B has a constant upper bound on the average numigeiph corresponding t6; (c) The auxiliary graph used to find the top level
of edges crossing any given edge. The latter property S@parator ol; (d) The backbone of:.
useful for geographic routing algorithms based on cross link
detection [10]. Both properties apply to UDG as well. A. Construction of the grid graplil
We evaluate the performance of the separators, the routing
protocol, and the backbone construction, through extensivel© obtain the grid grapt#/ for a quasi-UDGG, we impose
simulations. Their performance is much better compared @9rid on the plane and view each non-empty cell as a vertex.
the theoretical analysis of the worst cases. This shows thBfe construction algorithm is given in Fig. 2.
although the quasi-UDG model is quite different from the
UDG model, efficient algorithms can still be developed byAlgorithm GridGraph
exploiting the locality of the model. INPUT: G = (Vg, Eg): a quasi-UDG with parameter® and r
The rest of the paper is organized as follows. In section®UTPuT  H = (Vi En): the grid graph forG:
Il, we present the grid graph construction and prove its 1+ 'MPose agrid of cell sizesz x T on the plane;
separability properties. In section Ill, we present the backbome 2 FOr each cell that has at least one vertex @f H has a
) ) . corresponding vertex positioned at the center of the cell;
construction. In Section I\/, we present the cpmpact routlng 3. There is an edge between two vertices ff if and only if
protocol based on the grid graph and the distance labeling there is at least one edge connecting two vertice& dhat are,
technique, as well as the simulation results. We conclude the  respectively, in the two corresponding cells.
paper in section V.

Fig. 2. Constructing the grid graph for a quasi-UDG

All the vertices of G in the same grid cell are adjacent.
The algorithmGridGraph can be easily implemented in a

In this section, we present a distributed algorithm fadistributed manner. The following theorem proves the constant
constructing a grid graph for any quasi-UDG, and prove thapper bounds for the node density, edge density, and the
the grid graph is well separable. The grid graph, whose nodember of edges crossing any given edge in the grid graph
density and edge density are both upper bounded by consta#ts,
is an abstraction of the quasi-UDG. A quasi-UDG may have Theorem 1:The algorithm GridGraph constructs a grid
highly variable node and edge densities, which prevent it frognaph H for a given quasi-UDGG such that: (1) inside any

Il. GRID GRAPH OF QUAStUDGS



disk of radiusy, there are at mosﬂ(ﬂ—z) vertices of H; (2) H to an auxiliary graph that is nearly planar. Then, we

the degree of each vertex i is upper bounded bp(f—;); planarize it by adding a virtual vertex at the middle of each
and (3) the number of edges crossing any given edgé is  diagonal edge, thus eliminating all edge crossings. (Note that
upper bounded by)( ) we consider all the edges to be straight line segments.) The

Proof: From the algorithm we know that the Euclidearsietailed construction of the auxiliary grafihis presented in
distance between any two verticesHfis at least-=. Hence, Fig. 3. All the virtual vertices ir" are denoted byed vertices

2"
if we place an open disk of radiusZ= centered at every (circled dots in Fig.1-c) and the others — which represent
vertex, then no two disks will intersect. Therefore given an’fIIS — are denoted bblack vertices Each red vertex has
disk of radiusy, the number of such open disks intersecting fhe weight zero, while each black vertex has a weight equal
is upper bounded bW(r ), and so is the number of verticesl© the number of vertices off in the corresponding cell.
of H inside the disk.
Consider a verteXJ of H and denote by (U) the set of |Algorithm AuxiliaryGraph
nodes ofG inside the cell represented lBy. The number of | INPUT: H = (Vu, Ey): a grid graph with parameters? and r
vertices of H within distanceR + r from U is bounded by | OUTPuT T = (Vr, E7): the auxiliary graph forfi _
O(£). No node ofG in v(U) can be adjacent to a node in ; 'Fmpose ig”dnozhci":'zeleﬁi x(R+ ?);'; t;ehp'a”e’
f f . . or eacn ce al as at least one veriex as a

v(V) if the distance bgtweeih’ andU is more tz,hanR +r. correspondinglack vertex v whose position is set at the cente
Hence, the degree d@f is upper bounded b@(%). of the cell; we assign t@ a weight that is equal to the number

Similarly, for an edge{U,V} of H, the number of grid of vertices of 7 in that cell
3. Add an edge between two black vertieeandv of T if and only

=

vertices within distancer + r to any pomt on the Ime if there is at least one edge connecting two vertice&/ahat are,
segment connecting andV is also upper bounded h[y( ) respectively, in the two corresponding cells;
Therefore, the total number of edges crossibgV'} is upper 4. For each pair of crossing edgés, v}, {w, 2}, add ared vertex
bounded byO(R—f) ™ at the int‘ersection of the two edges and replace those two original
A edges with four new edges that connect the red vertex, respectively,
If two vertl_ces of H_ are h hops away fro_m each other, to the four black vertices, v, w, andz; let the weight of the red
then two vertices of7 in the two corresponding cells are at vertex beo;

most2h + 1 hops away from each other. Note that the above 5. For each diagonal edge between two black vertices, adetig
vertex of weightO at the middle of the edge and replace that

method for. constructing ng(;l grapr_ls, a”fj the above resuls, original diagonal edge with two new edges that connect the |red
can be easily extended to higher dimensional spaces. vertex, respectively, to those two black vertices.
B. Separability of the grid grapti/ Fig. 3. AuxiliaryGraph#f)

Network separability is a fundamental property that leads Fig. 1(c) shows an example of the auxiliary graph The

based on the divide and conquer paradlgms),— fast paraféld red vertices are either of degree 2 or 4. Since the cell
computation, and improvements in the study of computation&g apply in this algorithm is large enough (of side length
complexity [11]. Many applications in wireless ad hoc netf? + —) and all black vertices are placed at the centers of
works (routing, information retrieval, etc.), as well as quitgheir correspondlng cells, any black vertex may only connect
a number of hard theoretical problems, have more efficieifx the eight black vertices around it before the red vertices
solutions if the underlying graph is well separable. For exariere added. Therefore, around each black vertex, there can be
ple, shortest path routing can be realized with small routirRf most four red vertices; and no two red vertices are adjacent
tables when the graph has small separators, as in the castodfach other. Formally, we have the following lemma.
planar graphs or graphs with bounded tree width [7]. Also, Lemma 1:Let N7, be the number of black vertices in the
NP-hard problems such as vertex cover and independent geiliary graphT'. ThenT is a planar graph of at mo8tVr,
are solvable in polynomial time if the input graph and all itgertices and no two red vertices are adjacent.
subgraphs have small separators. Lipton and Tarjan proved in their celebrated Separation
In this subsection, we study the separability of the griiheorem [11] that for any vertex-weighted planar graph of
graph obtained above. We begin with a formal definition ofertices, there exists a set©Of/n) vertices that separates the
the separability of graphs. graph into two non-adjacent subgraphs, each of which weighs
Definition 2: Given a graphG of n vertices, a-separator at most 2 of the total weight of the graph. The separator
of G is a set of vertices whose removal splifsinto two non- algorithm presented in [11], however, is relatively complex.
adjacent subgraphs, each of which contains at tnosertices. For the planar auxiliary grapfi’, which has a constrained
We call a graphG (f(n’),b)-separableif every subgraph of Sstructure, we present a simpler and practically more efficient
G has ab-separator of at mogb(f(n’)) vertices, wheref (n') algorithm for finding such a small separator. Based on that,
is a function of the number of verticeg in that subgraph. the algorithm also finds a small separator for the grid graph
In order to compute a small separator for the grid graplf- The details of the algorithm are presented in Fig. 4.
H, we use the help of a planar auxiliary graph First, we We now prove that the algorithneparator constructs
impose a larger grid on the plane and map the grid graﬁmall balanced separators firand7T'. We start with a lemma.



Algorithm Separator

INPUT:
OUTPUT:

1. LetT be the auxiliary graph off. Let 7’ be a copy ofT.
2. Build a breadth-first search (BFS) tree for a dynamically chang

. Check everyundamental cycléa cycle formed by a non-tree edg

. Consider the grapli”. Let S/. be a copy ofSr. For each red

. Let Sy be the set of vertices off in those cells correspondin

H: a grid graph with parameters? and r
Sy a separator forH.
Sr: a separator forT. (" is the auxiliary graph ofH.)

ing

graphT” (T’ changes because new edges are added to it during th

BFS procedure) in the following way: (1) pick a vertexon the

Each simple cycle oft; vertices hask; edges, thus the

perimeter of the cycle is at most;z. Therefore the area
2 2
of the region inside the cyclé; is at mosthi; | and the
total area of the regions inside the outer face is bounded by
i ka'Lz k2z?
er:lL 47 J S |_ 47 J

Now if there are several disconnected cycles in the outer

outer face of” to be the root and start BFS; (2) during the BFS face, each connected part, say:bfertices, surrounds a region

process, when a vertex is discovered (put it into the BFS tree),

for every face containing, add edges from: to as many other
vertices in the face as possible so longZsremains a simple
planar graph; if after adding those edges, there are still fg

containingu that are not triangulated, add edges to triangulate

them arbitrarily. During BFS, the undiscovered neighbors 0|

F's of inner vertices is bounded by:z” | /2 = | £ |,

vertex are visited in the clockwise order (starting with the parent

of the vertex in the BFS tree as the reference point);

and some tree edges) in the BFS tree. BEgt be a fundamenta
cycle that separate®”’ (therefore alsdl’) in the most balanced

e

of area no more than 72 |, since Y k"2 < (Y K)2 = k2,
the total area of the regions surrounded by the outer face is

cesalso bounded b}{’*’Q”QJ. Thus, in all cases, the total number

A
|

Define thedepthof a tree to be the maximum number of
edges in a path from the root to a leaf. We have:

Lemma 3:Let Nt be the number of vertices in the auxiliary
graphT'. The BFS tree constructed in Step 2 of the algorithm

way, i.e. the difference between the summation of the weights of Separator is of depth at most/Nr.

vertices in the two separated subgraphs B; is minimized.

vertex u in S/, with the set of neighboring verticed (u), we
distinguish two casesCase (1)All vertices in N(u) belong to
Aj (respectively,B1) except those irs’.. Then, we move: from
Sf to Aj(respectively,B;); Case (2)Both A; and By contain
vertices of N (u). Then, we put all vertices iV (u) into S7. and
moveu from S7. to A;.

to the black vertices of" in S/T. Let A3, B2 be the two sets of|
vertices ofH in those cells corresponding to the black vertices|
T in A; and B;. Clearly, Sy separated] into Ay and Bs.

Fig. 4. The AlgorithmSeparator.

Proof: Let d be the depth of the BFS tree. Because of
the triangulation operation enforced on the grdphluring the
BFS process, fof = 1,2,--- ,d— 1, the vertices at level (if
1 = 1, include the root as well) of the BFS tree actually contain
all the vertices on the outer face of the subgraph induced by
the vertices at levels,i + 1,--- ,d. So it suffices to show
that if we “peel off” one outer face frorfi” at each step]”
becomes an empty graph aftex /N7 steps.

Let n, be the number of vertices remaining in the grdgh
afterz steps. (By convention, defing, = Nr.) By Lemma 2,
we know that in ther-th step we have “peeled off” at least

|—\/ QWNZW vertices. Son;_1 > 1, n; > N1 + f\/27mi+1

Lemma 2:Let 7' be any subgraph of the auxiliary graptor ¢ =¢ —2,¢—3,---,0. Now let us prove that,; > 2
T. If its outer face has: vertices, then the number of innerby induction: whenj = 1, we haven;; > 1 and when
vertices (the vertices not on the outer face) is at mdst|.

Proof: The outer face of the planar grafit is a closed 2 = J < i consider 't2he casg = Z+21 wheren, 1) >
curve (or closed curves, i is disconnected) on the planefi—i + [v2mne—i| = i* + [v 277122 2 +2i+1=(i+1)
Let 2 = R + r/v/2 be the side-length of the cells in the We haveNr =ng =n¢_ > . Sot </Nr.

j = 2, we haven;_ o > 4; suppose our claim is true for

2

construction of the auxiliary grapf#’. For each inner vertex By Lemma 2 in [11], if a vertex-weighted planar graph has

of T, we place a% % @ square centered at it, then rotat@ Spanning tree of depth, then there exists a fundamental

the square by 45 degrees. It is simple to see that now th&¥éle of size at mos2h + 1 that separates the graph into two

(diamond shaped) squares centered at the inner vertices doftt-adjacent subgraphs each of which weighs no more than

overlap each other. The area of each squa@fis 2/3 of the total weight of the graph. As the BFS tree obtained
First consider the case when the outer face is connectfySteP 2 of AlgorithmSeparator is of depth at mosy/Nr,

i.e. T is connected. The outer face @ consists of several W€ have the following theorem immediately. _

(at least one) simple cycles. Suppose thereisach simple ~ 1heorem 2:Let Ny be the number of vertices in the
cycles of sizek:, ks,...,k; in the outer face. Note that the@uXiliary graphT’, and letNy; be the number of vertices in
value > "_, k; can be greater thah, the number of vertices H. Then, the total weight of the vertices @f is Ny, and
in the outer face, because in the summation a vertex can !B SetSr obtained in AlgorithmSeparator contains at most
counted more than once. The simple cycles form the oufey Nr + 1 vertices and separates into two non-adjacent

face of a planar graph, so the number of times vertices atd?draphs each of which weighs no more t ta ,
over-counted is exactly— 1. ThUSZ;-:l kj =k +i— 1. We now prove that the algorithrBeparator also finds a

‘ 9 ‘ small balanced separator for the grid grafgh
First we havek? = [(Z;Zl kj) — i+ 1} S ki A+ Theorem 3:Let Ny be the number of vertices in the grid
>im1

ESY ) =S 0l Dkt (i—1)2 > S k2 graphH. Then, the algorithnSeparator constructs a separator
j ( 7 Zlﬁ l) 2= 20 Dk +(i=1)7 2 3oy K+ Sy of size O(v/Ny) that separate#/ into two non-adjacent
Zj:l {kj (Zi;ﬁj ky —2(i — 1))}

> Z;Zl k7. The last in- subgraphs each of which has no more tha¥ vertices.

equality holds becausk; > 2 and El# k; contains exactly Moreover, the grid graptH is (vn/, %)-separable when the
i — 1 terms. The equality holds when= 1. weights of all the vertices off are set to be 1.



Proof: Let N’ be the number of black nodesih Clearly wv. There is a routing protocol that guarantees the routing path
N’ < Npg; and it is straightforward that each cell correspondrom « to v to have at mos®h(u,v) + 1 hops, for any two
ing to a black vertex ofl’ contains at mos(w] verticesu andv. The size of the routing table at each node
vertices of H. Hence we haveV’ = ©(Ny). From lemma 1 and the message overhead are hOth/N¢ log Ng).
we know that the number of red vertices is no more than
N’, and the total weight of vertices i is Ny. Hence the
separatorSy for T’ contains no more thazn/2N’ +1 vertices ~ We denote bybackboneof a given graph a subgraph that
whose weights sum up 6(v/N ), and separateB into two contains the same set of vertices but fewer edges. One example
parts each of which weighs no more thg@a@_ of backbones are spanning trees. Backbones, particularly those
Now we show that after Step 4 of AlgorithiBeparator, With small stretch factors and degrees, have very important
S7. is still a separator foff” of sizeO(W), andA; and B, applications in wireless communication because they can help
are still of weight no more thad%. Consider any red vertex reduce signal interferences and simplify algorithms.
u € S, in Step 4, in the case where all afs neighbors are  In this section, we present a distributed construction of a
either inS; or A, (respectively,B;), S\ {u} can separat@ backbone with constant stretch factor, constant node degree
into A, U {u} and B, (respectively,4, and B; U {u}). Note and a small number of edge crosses for quasi-UDGs. It is
that u has weight0, so movingu from S4, to A; (or, By) also an extension of the grid method described in Section Il
does not Change their Weights_ In the Comp“mentary case, e will show in Section IV that these backbones can also help
algorithm moves all/’s neighbors intaS;. and moves: into  reduce the routing table size in our routing scheme.
Ay; clearly S/ still separatesA; and B;. And by doing that, . .
we decrease the weights of bath and B;. The size ofS A Algorlthm cons.,trucftlr?g t_he t_)ack.bone
increases by at most 3 for each red vertex. Energy is a major limitation in wireless networks. Accord-
Hence after Step 4, we have replaced all red vertice&in ingly, the stretch fac_tor of backbont_es !s often defin_eq_based
by black ones, increasing the sizeSjf by at most three times, ON €nergy consumption. We start with its formal definition.
not increasing the weights of; and B;. Most importantly, ~ Definition 3:Let u = u; — uy — ---u, = v be a
S, still separatesd; and B;. ThereforeS/, is still of size Path fromw to v in the graphG. Denote by[ablc the
O(VN') = O(/Nz), and the weights oft; and B, are no Euclidean distance between any two verticesind b. The
more thanZ¥t . Each cell corresponding to a black vertex ofommunication costbetweenu, v following the given path is

3 - .
T contains a bounded number of verticesff so Sy is of defined as:

I11. BACKBONE WITH CONSTANT STRETCH FACTOR

k—1
sizeO(v/Ng). Also, the number of vertices i, (resp.,B,) _ ca(u,v) = X0 aluuiga |4, .
equals the weight oft; (resp.,B;) (at most2u). where g is the path loss exponer2, < 5 < 5, and« is a

By the construction of the auxi”ary graﬁh if no two black Scaling factor linear in the number of bits sent. If there is no
vertices are joined by an edge or two edges with a red vere&th fromu to v, cg(u,v) is defined astoo.

in the middle, there is no edge connecting verticesHoin Definition 4: Given a graptG; = (V, E') and a backbong
those two corresponding celld; and B; are not adjacent in of G, the stretch factor of B is defined as:

T, and S/ has no red vertex. Sd, and B obtained in Step B min(u,v)

5 are not adjacent i/, and Sy separatesi, and B, in H. ey {W} '

It is simple to see that any subgraph Ef can be used as
the input of AlgorithmSeparator, and the above argumentsWhere cg min(u,v) and cg min(u,v) denote theminimum
still hold. HenceH is (vV/n/, %)-separable. m Ccommunication cost (over all the paths) between in graph
For some applications, a perfectly balanced separator/fsand G, respectively.
desirable. By using the same technique described in [11], welhe stretch factor defined above is also called poever
can construct a separator of sig\/Ny) that separate$/ stretch factor We say_that a backbone énergy efficientf its
into two parts each of which has no more th¥j vertices. POwer stretch factor is bounded by a constant.
The idea is to separate the larger part of the outcome of the/Ve next present a distributed localized algorithm that, when

algorithm recursively. Hence we have: given a quasi-UDGG, constructs a back2bone where the
Corollary 1: Let Nj; be the number of vertices in the gridmaximum degree of a node is bounded®{; ), the average
graphH. H is (v/n/,0.5)-separable. number of edges crossing a given edge is bounde@ (),

For the grid graph, we can develop a shortest-path routingd the power stretch factor is bounded by ¢, wheree
scheme based on its separators, using the idea of distaisca constant that can be made arbitrarily small. To run the
labeling [7]. We can then transform it into a compact routinglgorithm, we classify the edges in the quasi-UbGnto two
scheme for the underlying quasi-UD@ with a small stretch types:short edgeswhose lengths are no greater thgnand
factor. The following theorem summarizes the result. We lealeng edgeswhose lengths are strictly larger than
the details of the routing algorithm, the proof of Theorem 4, In our algorithm, we first reduce the number of short edges
and the extended results to section IV. in the graph by applying an operation similar to Gabriel

Theorem 4:For any quasi-UDGG of Ng vertices, let Planarization [5] to make the subgraph induced by all short
h(u,v) be the minimum hop distance between verticesnd edges ofG a planar graph. In the second step, we apply



an operation described in [8] to bound the number of shashort edges is planar. For an arbitrary edgeve will bound
edges incident to any node. Finally, we apply a grid operatidhe number of long edges that can cross it. Any long edge that
to reduce the number of long edges in the graph. FigurecBbssese must connect one cell at one side ©fo another

contains the details of our algorithm. cell on the other side. We can verify that the number of cells
on one sidg ok that can connect to a cell on the other side
Algorithm QuasiUDG-Backbone is w = O(%;). Therefore, tpe number of long edges that can
INPUT: G: a quasi-UDG with parameters® and crosse is at mostw? = O(%). Suppose that the total number
OuTPUT:  B: a backbone of7 of edges in the final backbonesis. Then the total number of
1. Planarize the subgraph induced by short edges ot/ edge crossings is bounded Wf—f)m. Therefore the average

The subgraphB will contain the same vertex set @& Initially, . . 4
the edge set oB3 is set to empty. For each edge= {u, v} in number of edges crossing an edge is bounded)b%)-

G, if there is no common neighbor ef andv in G residing in After Step 1 and 2, we have constructed a planar power

the disk whose diameter is the edgewe adde into B. Similar ’ B i B
to Algorithm 1 described in [14], this process can be done in a spanner foi;" of stretch factor bounded b+ 27 sin (W/k)

distributed manner by exchanging no more ti@afm) messages  [8]- In Step 3, by removing all the edges between any two cells
wherem is the number of edges i@. C:1 and (5 except the shortest among them, the stretch factor
2. fetdéﬁebth‘ihnumbber thShcj’g“ tidgf%s ilnﬂdem”totheam \t/_eftex , IS increased but still bounded By+-20+1 sin® (7 /k). To prove
e e the subgraph oB that includes all the vertices an .
short edges of3. N%tepthat here?’ is in fact the Gabriel graph this bound, we only need to prove that for any e({gﬁy}
constructed from a UDG (with communication rangeso G’ is of G that is removed, there is a path framto v in the final
planar. We apply the algorithm described in [8] 6f. Here is a|  hackbone such that the ratio of the communication cost of the

brief description of the algorithm that is performed by each vertex: . B+1 i B
Direct the edges inG’ (using the classical acyclic orientation path and that of the edde:, v} is at most3+27" sin” (w /k).

of a planar graph) so that every vertex & has at mosts If the edge{w, v} is removed in the Step 1, we know that

incoming eéjges? SPelffO"“ a _Stangafd Yr?o ?tep 58] on thel set ofthe communication cost betweenv did not change (because

outgoing edges; Select certain edges that form large angles |wit . e .

consecutive edges (see [8] for details); Finally, communicate with f = 2). Otherwise we dIS’FIﬂgUISh tWO_ cases: ]

all the neighbors of the vertex and keep edges that have been Case 1 the edge{u,v} is removed in step 2. In this case,

\SA‘/?LeCtetf] byk')eaSt one _C:Lthe'f S”ds- Comhose ed [8] guarantees that by the end of step 2, there is a path from
en the above algorithm ends, we remove frénthose edges -

that have been removed by the algorithm fré¢th This step will u 1o v consisting C?f edges of |ength aF rgosand the stretch

reduce the number of short edges incident to every vertex fo afactor of the path is bounded ky+ 27 sin” (7 /k). Since step

constantt +5, wherek is A parameter, and it can be done locally. 3 0n|y removes edges of Iength greater thathe above path

Compared to the subgraph 6f that contains all the short edges . .
v from u to v is preserved in the backbone and the stretch of the

of G, B increases the minimum communication cost between gny

two vertices by a factor of at mogt+ (2sin(r/k))?, wherek path is bounded by + 27 sin” (7 /k) < 3 4 29+ sin® (7 /k).

is a parameter, and is the path loss exponent, Case 2 the edge{u,v} is removed in Step 3. In this
3 Reduce I umber ofong edues nodent o sach vetex | case, the length ofu, v} is greater thanr and there is

5 X 5 on the plane. Clearly, any long edge must be connecfing aPOther edggw’,v'} in the final backbone such that and

vertices in two different cells. For each pair of cells, we remgve « belong to the same cell; and v* belong to the same

from B all the long edges between them except for the shortest cell, and d(v',v") < d(u,v). By an argument similar to

one. that in case 1, there must exit a path betweerand v’

Fig. 5. Construct a backbone for a given quasi-UDG in the final backbone whose communication cost is at most

(1 4 28sin(n/k))d(u,u')? < (1 + 2°sin?(x/k))r? <
(1+29sin”(n/k))d(u, v)?. Similarly, there is a path between
& and v’ in the final backbone whose communication cost
s at most (1 + 2°sin”(7/k))d(u,v)?. Since d(v/,v") <
(u,v), the Etretch factor of the pat(m,u;,v’m) is at most
) 1+ 28sin(7/k)) + 1 = 3 + 2°+1sin”(7/k). Note that
Proof: Let ¢’ be the subgraph of' that includes all 2é+1sin’8(7r/k() éa)n) be made arbitrarily sgna/lll)by choosing a

the vertices and short edges @f It is easy to see tha¥’ is - -
sufficiently large parametet. This completes the proof. B
a UDG. Therefore, after Step 1 and Step 2 of the algorithm, ylarge p P P

we have removed the crossings between shortest edges, and. APPLICATIONS AND PERFORMANCEEVALUATION

reduced the number of short edges incident to any vertex tap this section, we first present out routing algorithm based
no more thank + 5, wherek > 8 is the parameter to the op the separators, then prove the bound for the path stretch fac-
algorithm [8]. Note that in Step 3, we keep at most one edgsy of our routing protocol. As the second part of the section,
between any two cells, and the number of cells reachable frg@ show the simulation results of the backbone constructions

any vertex is bounded b ({%). The total number of long and the routing performance of our routing algorithms to verify
edges incident to any vertex is then bounded by the samfg theoretical bounds we prove.

constant. Thus in the final backbone, the degree of a node is
bounded bﬂ(%z)- A. A routing scheme based on the separators

On the other hand, any edge crossing in the final backboneAs one of the applications of the small separators of the
has to involve a long edge since the subgraph induced @gd graphs, we present a routing scheme for quasi-UDG

Theorem 5:The algorithm QuasiUDG-Backbone con-
structs a backbone of tlge given quasi-UliGGsuch that its
maximum degree i9(Z;), the average number of edge

. oA |
crossing an edge i®(J ), and the power stretch factor is
3+ ¢ (wheree is a constant that can be made arbitrarily small



based on the grid graph and analyze its performance. Qarthe destination cell. By utilizing the second part of the list
routing scheme is suitable for systems in which the size of tllabel), a vertex can send a message to any of its neighboring
messages itself is relatively large. We will give the simulatiocell in two hops. Within a basic block, the third part of the
results later in this section. routing table points out the shortest path between cells directly.

Our routing scheme is based on the distance labelli@ur routing protocol compares favorably with shortest path
scheme described in [7]. The basic idea of distance labellinguting algorithms and compact routing algorithms for general
is to give each vertex a label such that the distance betweaetworks for its significantly smaller routing table size and
two vertices can be computed using only their labels. faintained constant stretch factor.
straightforward labelling scheme is to store in each node aProof of Theorem 4
full table of the distances to all the other vertices. The goal Proof: In the routing protocol described above, the first
of the distance labelling scheme in [7] is to find the labels gfart of a node’s routing table is of siz@(v/Nlog N). The
minimum length. The separability of the underlying graph is second and third parts of the routing table both consist of a
key factor of how good a distance labelling scheme is availaldenstant number of entries because the number of neighboring
for the network. In [7] the authors proved that for a grapbells and the number of cells in each basic block are both
which has a separator of size there is a distance labelling constants. The size of the routing table is tli2p/N log N).
scheme of label siz&(klogn + log”n), and the distance Inside each message we need only to carry the label of the
between two nodes can be computed in tithgog n), where destination vertex, so the overhead in the message size is also
n is the number of nodes in the network. bounded byO(v/N log N).

Although a quasi-UDGx may not possess a small separator, Given a pathp from « to v, let d(p) denote its number
we have proved that the grid gragh with »n vertices con- of hops, and let(p) denote the number of times the path
structed forG' does have a balanced separator of €¢/n). travels from one cell to another. Lgt,; be the shortest path
Conceptually, our routing protocol utilizes two-level routingfrom « to v, and letp’ be the routing path of our protocol.
virtually, the message is sent in the grid graph from the cefllearly, c(p,pt) < d(popt), andc(p’) < c(pop:) because our
containing the source to the cell containing the destinatioprotocol uses shortest path routing in the grid graph. The path
via the shortest path in the grid graph; in reality, the routing travels from one cell to the next in at most two hops, so
is implemented in the underlying quasi-UDG to route frord(p’) < 2¢(p’) + 1. It follows thatd(p') < 2d(pept) +1. ™
cell to cell. (Note that in each cell, the quasi-UDG vertices Sometimes we are more concerned about the energy con-
are fully connected, so routing from one cell to the next takesimption than the hop distance if the wireless nodes are able
at most two hops.) The basic idea to achieve shortest pashadjust their communication range to save power. Let the
routing in the grid graph is to spliff into two non-adjacent communication cost be as defined in Section IlI. In reality, it
parts using the small separator. Each vertexfofemembers is infeasible for a node to reduce its communication range
the distance to all separator vertices. Thus, two vertices in tiee an infinitely small number. There is always a constant
two parts (or the separator) can compute their shortest pafinge § below which the wireless node cannot reduce its
distance using that information, because their shortest pathmmunication range. With this assumption, we prove the
must go through a separator vertex. We recursively apply tfidlowing theorem.
same process to partition each part into small parts, to enabl&heorem 6:Let the communication cost be as defined in
any two vertices to compute their shortest path distance usi®gction 11, and assume that the minimum communication
their stored information (their labels). We stop partitioning eange isé. (Therefore, the communication cost of an edge
part when its size is below a certain constant. (We call sueh Euclidean lengthd is o - (max{d,d})”.) Then, the com-
a part abasic block) Since we use balanced separators, thunication cost of a routing path from to v generated by

process ends aftep(logn) levels of partitioning. our routing protocol is upper bounded by a constant times the
For a vertexW of H, let v(W) be the set of quasi-UDG minimum communication cost over all the paths franto .
vertices ofG that reside in the cell corresponding 3. The Proof: Let p,,: be the optimal path fromu to v with
following list contains the information that each vertexe the minimum communication cosf,,:, and letp’ be the
v(W) in G stores in our protocol. routing path of our algorithm with cost’. If w,v are in

« The minimum distances (i) to all the separator vertices thatthe same cell of the grid grapH, then Copt > aé?, and

are on the boundaries of all the partitio¥s is in; I < B i : . .
« The neighboring quasi-UDG vertex through which it can get tg, - o 52In0§ﬁv<ertlcﬁeségnczhe iagne Ceg iorm a clique. So
other cells adjacent toV in H; < (rP/6P)ad” < (rP/ _) opt = Copt - (1).
« A shortest path routing table for the verticesiéfin the basic ~ Now assume that, v are in different cells of{. Let!,,; and

block whereu resides. I’ denote, respectively, the number of hopip, andp’. By
The routing protocol assumes that the source knows thiseorem 4/’ < 21,,,+1. S0C’ < l'aRP < (2l,p+1)aRP <
label of the destination. This piece of information can bﬁwfﬂ . %f Aoprad? < 3 %f Copt = Copt - O(1). ]

obtained from location service. Since location service is not ™ )
directly related to our topic, we skip the details here. B. Simulations

If the destination is not in the same cell as the source, theWe conducted extensive simulations to evaluate the perfor-
message will follow a shortest path i from the source cell mance of our backbone construction algorithm and routing



protocol. The performance has been stable and consistent. In 40
the following experiment, we randomly depldy quasi-UDG

nodes in a 2-D space of siZ&00 x 1500. We increase the 20
number of nodes)V, in the system fron1000, 1500 to 2000

to verify the effects of density change on the performance.

We also increase the valuB/r fr(_)m 1,1.5,233 to 10 _to 00 110 1/3 12 213
see the performance of our algorithms for different wireless IR

connectivity models. To mimic nontrivial network topologies,
we randomly generate a big hole of radius randomly picked in
the rangg R, 2R] and five small random holes of radius picked
in the range[0, R]. The centers of the holes are uniformly
randomly chosen in the plane. If the distance between two
nodes is in the range:, R], we put a direct link between them
probabilistically. For each configuration, we run the simulation

N=1000

30 times and take the average of the performance metrics. 0 10 13 1/2 213
We would like to point out that the performances of our R
routing algorithm and backbone construction method are rela- N=1500

tively independent of the size of the network. Our theoretical 40
bounds and the simulation results both show that the quality of

the backbone constructed and the stretch of the routing paths ,,
are closely related to the ratio ofto R.

1) Backbone constructionin the backbone construction
simulations, we measure the power stretch factor, maximum  “o= /4 13 12 /3
degree, the average degree and the average number of edge t/IR
crossings on an edge in the backbone constructed and compare
them to the original graph. For node pairs whose distances
are betweenr and R, we adjust the probability of their beingFig. 6. The Maximum degree, the average degree, and the average number
connected to ensure an expected average degree of 10 in opfleflges crossing an edge for quasi-UDGs and their backbones. The 6 bars

. = in each group are, from left to right (1) maximum degree in quasi-UDG; (2)
to compare the results b_etween d'ﬁerenf[ densities and valuesQfimum degree in backbone; (3) average degree in quasi-UDG; (4) average
R/r. The results shown in Table | and Fig. 6 are for backbonesgree in backbone; (5) average number of crossings per edge in quasi-UDG;
constructed by only performing the first step and the last St(fp average number of crossings per edge in backbone. Note that in some
. . . groups, the last bar is not shown, because the average number of crossings
in Algorithm Backbpne We eliminated the results for the e eqge in backbones equals 0 there.
case whenR = r since there the backbones are known to
be planar with power stretch factor beigbecause of the obtain. To study the performance, we measure the maximum
Gabriel operation in the first step of the algorithm. Our resultabel size, average label size and the stretch factor of routing
showed that for all configurations the backbones have vepgth that is defined as the distance in the actual routing path
small power stretch factors, much smaller maximum degreger the shortest path between the source and the destination.
and in most cases, we can bring the average degree to beldve length of the path for routing in the original graphs is
6 (which is the upper bound of the average degree for plarggfined as the hop distance between two nodes, while in the
graphs). Even wheri?/r = 10, the average degree of ourbackbones, we use the communication cost wiith= 2 as
backbones is no more than 8. As for the number of crossingfse length of the path. In both cases we randomly pick 1000

N=2000

our algorithm reduced it by at lea60% in all cases. source-destination pairs in the graph, simulate the routing
process and compare the length of the path with the shortest.
TABLE | Due to the page limit we only present the results on the quasi-
POWER STRETCH FACTOR FOR THE BACKBONE = 2) UDG with expected degree 10 and remark that the results are
consistent for graphs with other edge densities.
Stretch Factor .
N RI=10 | Rir=3 | Rir=2 | RIr=15 Table Il shows the average values of the maximum label
1000 | 1.048 | 1.141 | 1.190 | 1.184 size and the average label size (with a node ID as a unit)
1500 | 1.044 | 1.155 | 1.198 | 1.129 over the experiments for two cases. We observe that the label
2000 | 1.046 | 1.176 | 1.239 | 1.204 sizes with the algorithm applied to the backbones are smaller

than those to the original graphs. This is mainly because the
From the three bar graphs in Fig. 6, the reduction in tHeckbones are sparser than the original quasi-UDGs, hence the
metrics is quite uniform. It implies that the performance ofrid graphs we get are also sparser and have smaller separators.
our algorithm is stable for different sizes of the network. We will see later that this advantage comes at a cost of slightly
2) Routing performanceWe apply our routing protocol not larger stretch factors.
only to the original quasi-UDGs but also to the backbones weFig. 7(a) shows the average hop distance stretch factors



TABLE I Path Hop distance Stretch Factors Path Hop distance Stretch Factors

LABEL SIZES OF ROUTING SCHEME BASED ON SEPARATORS 25 -0— N=1000 3'2 -0— N=1000
.2 —*— N=1500 _ —»— N=1500
On original On backbone % 15 T N=2000 § 2‘2 T T N=2000
N R/r | Max Size | Avg Size | Max Size | Avg Size g 1 ==& -0 g 15l et
1000 | 10 | 220.667| 155.911| 184.800| 131.614 23 & 0;
1000 | 3 139.733| 106.553| 130.733| 89.561 o .
1000 | 2 | 129.933| 91.318| 97.434| 68.825 1o s Az 2B ! 1o 1 i 2B !
1000 | 1.5 | 100.367| 72.960| 90.634| 60.562 (a) based orG (b) based onB
1000 1 75.834 55.876 72.434 51.231 Power Stretch Factors Greedy+flooding Stretch Factors
1500 | 10 | 325.900| 233.056| 287.567| 205.997 28 "o Ne1000 o “om Ne1000
1500 | 3 | 218.933| 152.448| 166.067| 121.646 5 2 T Nmw | B ig % TN
1500 | 2 | 165.767| 115.528| 143.400| 90.668 £ o £l
1500 | 1.5 | 133.900| 91.548| 122.967| 78.739 g 1 € 20
1500 | 1 102.167| 72.627| 90.800| 63.852 705 ? 10
2000 | 10 | 320.033| 243.665| 292.733| 219.245 0 s 1 2 ; O T 12 23 ;
2000 | 3 232.100| 172.638| 219.200| 151.097 R "R
2000| 2 | 196.500| 142.079| 151.400| 102.410 (c) based onB (d) Greedy+flooding
2000 | 1.5 271.500| 224.919 124.433 86.575 Fig. 7. Stretch factors for routing algorithm&. is the original graph, and

2000 | 1 | 115867| 84.759| 108.933| 74.227 B is the backbone.
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