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Abstract

In this paper, we study temperature-constrained real-
time systems, where real-time guarantees must be met with-
out exceeding safe temperature levels within the processor.
We give a short review on temperature issues in processors
and describe how speed control can be used to trade-off
task delays against processor temperature. In this paper,
we describe how traditional worst-case execution scenar-
ios do not apply in temperature-constrained situations. As
example, we adopt a simple reactive speed control tech-
nique. We show how this simple reactive scheme can im-
prove the processor utilization compared with any constant-
speed scheme.

1 Introduction

In recent years, power density in processors has in-
creased exponentially [1]. Due to this significantly high
power density, processors are prone to overheating caused
by the large energy consumption. It’s generally assumed
that over50% of electronic failures are temperature-related,
as the circuit reliability is exponentially dependent on the
operating temperature [2]. Temperature therefore is becom-
ing one of the big concerns in system design. For example,
the Pentium Extreme Edition processor requires a thermal
solution to maintain safe temperatures levels [3].

Naturally, power management plays a key role in main-
taining temperature. There is an extensive literature on
power management on processors both in general-purpose
and embedded applications. However, the majority of this
literature focuses on power management for the purpose of
saving energy,not for maintaining safe temperature levels
[4, 5, 6, 7, 8, 9, 10]. While energy and temperature are
closely related, power control mechanisms for energy and
temperature are quite different. It has been shown that many
energy-saving techniques do not work well in reducing peak
temperature [11, 12, 13]. This is due to the fact that energy-
aware techniques focus on dealing with theaveragepower

consumption while temperature-aware ones focus on han-
dling peakpower consumption [13].

Both in research and practice, dynamic speed scaling1 is
one of the major techniques for power management. By dy-
namically changing the speed of the processor, speed scal-
ing can control the power in the processor to save energy
or reduce temperature. Many current microprocessors for
general-purpose or embedded applications allow for various
forms of dynamic speed scaling [12, 13] for power manage-
ment.

In this paper, we study temperature-constrained real-
time systems. In this kind of systems, we have two major
constraints: thedelay constraint for jobs and thetemper-
ature constraint for the processor. Dynamic speed scaling
allows for a trade-off between these two performance met-
rics: To meet the delay constraint (or deadline), we run the
processor at a higher speed; To maintain the safe tempera-
ture levels, we run the process at a lower speed.

The work on dynamic speed scaling techniques to con-
trol temperature in real-time systems was initiated in [12]
and further investigated in [13]. Both [12] and [13] focus on
online algorithms in real-time systems, where the scheduler
learns about a task only at its release time. In contrast, in our
work we assume a periodic-task model. We distinguish be-
tween proactive and reactive speed scaling schemes. When-
ever the temperature model is known, the scheduler could
in principle use aproactivespeed-scaling approach, where
– similarly to a non-work-conserving scheduler – resources
are preserved for future use. In this paper, we limit our-
selves toreactiveschemes, and propose a simple reactive
speed scaling technique for the processor, which will be
discussed in Section 2. We focus on reactive schemes pri-
marily because several current Pentium and IBM Power-PC
processors support Dynamic Thermal Management in form
of alerts, which are triggered whenever safe processor tem-
peratures are exceeded [14, 15].

One of the keys to perform design-time schedulability

1At the risk of overly generalizing, we use the term “dynamic speed
scaling” to subsume dynamic voltage scaling or dynamic frequency scal-
ing.



tests in real-time systems is critical-instance analysis. Due
to the additional temperature constraint, the critical instance
analysis will be different from the traditional one, and we
will address this in Section 3. Then in Section 4, we de-
sign the methodology to perform schedulability analysis for
identical-periodic-task model in real-time systems with re-
active speed scaling. We measure its performance in Sec-
tion 5. Finally, we conclude our work with final remarks
and give an outlook on future work in Section 6.

2 Model

2.1 Temperature Formula

In the following, we will be using an arguably simplis-
tic thermal model of the processor [13, 16]. More accu-
rate models can be derived from this simple one by more
closely modeling the power dissipation (such as fan’s) or by
augmenting the input power by a stochastic component, etc.
We apply the same approach previously used in [12, 13] and
adopt Fourier’s Law of heat conduction. Fourier’s Law of
heat conduction states that the rate of cooling is proportional
to the difference in temperature between the object and the
environment. We assume that the environment has a fixed
temperature, and that temperature is scaled so that the am-
bient temperature is zero. We defineT (t) andP (t) as the
temperature and the power at timet, respectively. Then we
can formulate the Fourier’s Law as the following formula
[12, 13]:

T ′(t) = P (t)− bT (t), (1)

whereb is a positive constant that represents the power dis-
sipation rate.

We defines(t) as theprocessor speedat time t. The
power consumption of an processor is a strictly increasing
convex function of the speed [12]. Most of work in the lit-
erature assumes that power and processor speed are related
as follows [12]:

P (t) = asα(t), (2)

for some constanta andα > 1. Usually, it is assumed that
α = 3 [12, 13].

We assume that the initial temperature isT0, i.e.,T (0) =
T0. It is reasonable to assume thatT0 = 0 (The initial tem-
perature is the ambient one). Equation (1) is a classic linear
differential equation. Together with (2), the solution to (1)
can be expressed as

T (t) =
∫ t

t0

P (τ)e−b(t−τ)dτ + T0e
−b(t−t0) (3)

=
∫ t

t0

asα(τ)e−b(t−τ)dτ + T0e
−b(t−t0). (4)

For the change of temperature, we observe that at any
time point t, there are two possibilities for the change of
temperature:

• Temperature is non-decreasing: By (1), we have
asα(t)− bT (t) ≥ 0, i.e.,

s(t) ≥
(

bT (t)
a

) 1
α

. (5)

• Temperature is non-increasing: We have

s(t) ≤
(

bT (t)
a

) 1
α

. (6)

We observe therefore that we can always appropriately scale
the speed to change the temperature in the desired direction.

We also make the following observations about keeping
either the temperature or the speed constant:

• If we want to keep the temperature constant at a value
TC during time interval[t0, t1], then for anyt ∈
[t0, t1], we set

s(t) =
(

bTC

a

) 1
α

. (7)

• If, on the other hand, we keep the speed constant at
s(t) = sC during the same interval, then the tempera-
ture develops as follows:

T (t) =
asα

0

b
+ (T (t0)−

asα
C

b
)e−b(t−t0). (8)

This relation between processor speed and temperature
are the basis for any speed scaling scheme.

2.2 Speed Scaling

The goal of temperature control is to maintain the pro-
cessor temperature within a safe operating range, and not
exceed what we call thehighest-temperature thresholdTH .
Temperature control must ensure that

T (t) ≤ TH . (9)

Also, the processor speed is limited by some maximum
speedsH , i.e.,

0 ≤ s(t) ≤ sH . (10)



2.2.1 Constant-Speed Scaling

A simple speed-scaling technique would consist in having
the processor run at some constant speed such that the tem-
perature never exceeds the thresholdTH . In other words,
we sets(t) = sC , wheresC is constant. By Fourier’s Law
as expressed in (1), the temperature will first increase at the
rateT ′(t) = asα

C−bT (t) > 0 until T ′(t) = asα
C−bT (t) =

0. At this point, some maximal temperatureTM (not nec-
essarilyTH ) is reached, and the temperature will remain
constant from then on. For a given maximal temperature

TM , we havesC = ( b
aTM )

1
α . In our system, we have to

ensure that the temperature stays within a safe range, that
is, TM ≤ TH always holds. This boundssC as follows:

sC ≤ ( b
aTH)

1
α . If we pick TM = TH , then we define the

equilibrium speedsE such that

sE = (
b

a
TH)

1
α

. (11)

We also assume thatsE ≤ sH (otherwise the processor
will never run fast enough to hitTH , and temperature is not
an issue any more). The speedsE is the maximum speed
for constant-speed scaling that maintains the temperature
within the safe operating range.

2.2.2 Reactive Speed Scaling

The primary disadvantage of constant-speed scaling is that
the scheme does not take advantage of the power dissipa-
tion during idle times. A better scheme would make use of
periods where the processor is “cool”, typically after idle
periods, to dynamically scale the speed and temporarily ex-
ecute tasks at speeds higher thansC .

As a result, dynamic speed scaling would be used to im-
prove the overall processor utilization. We adopt a fully
reactive speed-scalingtechnique:

The processor will run at full speedsH when
there is backlogged workload and the temperature
is below the thresholdTH . Otherwise, we per-
form the following speed scaling actions: When-
ever the backlogged workload is empty, the pro-
cessor idles (runs at the zero speed); Whenever
the temperature hitsTH , the processor will run
at the equilibrium speedsE , which is defined in
(11).

If we defineW (t) as the backlogged workload at timet,
the speed scaling scheme described before can be expressed
using the following formula:

s(t) =


sH , (W (t) > 0) ∧ (T (t) < TH)
sE , (W (t) > 0) ∧ (T (t) = TH)
0, W (t) = 0

(12)

It is easy to show that in any case the temperature never
exceeds the thresholdTH . By using the full speed some-
time, we aim to improve the processor utilization compared
with the constant-speed scaling. The reactive speed scal-
ing is very simple: whenever the temperature reaches the
threshold, an event is triggered by the thermal monitor, and
the system throttles the processor speed.

In this paper, we will analyze the effectiveness of re-
active speed scaling and use constant-speed scaling as the
baseline for performance comparison.

2.3 Task Model and Scheduler

We consider a set ofperiodic tasks{Γi : i =
1, 2, . . . , n}, where taskΓi = (Pi, Ci) has a minimum time
periodPi between jobs and each job requiresCi processor
cycles to complete in the worst case. We also consider a
fixed-priority scheduling algorithm, i.e., all jobs in a task
are assigned the same fixed priority. Figure 1 shows an ex-
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Figure 1. An Illustration of A Periodic Task
with Reactive Speed Scaling

ample of a single periodic task system that uses reactive
speed scaling.

In order to determine the worst-case delay for jobs in
tasks, we must first identify the worst-case arrival pattern,
also calledcritical instance. Due to the additional temper-
ature constraint, the analysis of the critical instance is dif-
ferent from the traditional one. In the following section,
we describe how processor temperature affects the critical
instance, in general, and how the critical instance can be
determined for the case of reactive speed scaling.

3 Critical Instance

A critical instanceof a taskΓi is a time instance which
is such that the job inΓi released at the instance has the
maximum response time of all jobs inΓi [17]. In a fully
preemptable system with reactive speed scaling, we notice
that there are two factors that affect the critical instance:



• How many high-priority jobs will preempt this job?
This is same as in the traditional critical-instance anal-
ysis.

• What is the temperature at this time instance? With any
speed scaling, once the temperature hits the threshold,
the speed will drop to no higher than the equilibrium
one. Therefore, the response time of a job is affected
by the temperature at its arrival. If we have a higher
temperature at this time instance, we will have a longer
response time.

Therefore, our goal in the critical-instance analysis is to ob-
tain the worst-case preemption from the high-priority tasks
andthe maximal temperature at this time instance.

In the following, we will base on the traditional critical-
instance analysis to derive the critical instance in the
temperature-constrained case. First we introduce the fol-
lowing lemma, which states that the temperature for the
critical instance always raises when the last job before the
critical instance gets delayed.

Lemma 1 Given a time instancet, we consider a succes-
sive execution part of job with a starting timet0 and the
completion timet1, wheret0 < t and t1 < t. We assume
the system is idle during[t1, t]. DefineTt as the temperature
at t. If we shift this part of job into a starting timet∗0 and a
completion timet∗1 such thatt0 < t∗0 < t and t1 < t∗1 < t
as shown in Figure 2. DefineT ∗t as the new temperature at
t. Then we haveTt ≤ T ∗t .

0t t1t

t*

0
t *

1
t

Figure 2. An example of a shifted successive
execution part of job

Proof: We assume the fixed temperatureT (t0) at t0.
There are four cases:

• Case 1: The temperature will neither hitTH during
[t∗0, t

∗
1] for the job-shifted scenario nor during[t0, t1]

for the original scenario. Then, we have2

T (t∗0) = T (t0)e−b(t∗0−t0), (13)

T (t∗1) =
asα

H

b
(1− e−b(t∗1−t∗0))

+T (t∗0)e
−b(t∗1−t∗0), (14)

T ∗t = T (t∗1)e
−b(t−t∗1). (15)

Hence,

T ∗t =
asα

H

b
(1− e−b(t∗1−t∗0))e−b(t−t∗1)

+T (t0)e−b(t−t0). (16)

Similarly, we have

Tt =
asα

H

b
(1− e−b(t1−t0))e−b(t−t1)

+T (t0)e−b(t−t0). (17)

Sincet∗1− t∗0 is fixed andt0 ≤ t∗0, thent1 ≤ t∗1. There-
fore, we haveTt ≤ T ∗t .

• Case 2: The temperature will hitTH at t∗H during
[t∗0, t

∗
1] for the job-shifted scenario and also hitTH in

[t0, t1] for the original scenario. Then, we have

T (t∗0) = T (t0)e−b(t∗0−t0), (18)

T (t∗H) =
asα

H

b
(1− e−b(t∗H−t∗0))

+T (t∗0)e
−b(t∗H−t∗0) (19)

= TH , (20)

T (t∗1) = TH , (21)

T ∗t = T (t∗1)e
−b(t−t∗1). (22)

Hence,

t∗H = −1
b

ln
TH − asα

H

b

T (t0)ebt0 − asα
H

b ebt∗0
. (23)

DefineC = sH(t∗H−t∗0)+sE(t∗1−t∗H), which is fixed.
Hence,

t∗1 =
C

sE
+

sH

sE
t∗0 − (

sH

sE
− 1)t∗H . (24)

By (22), (23), and (24), we have

T ∗t = THe
−b(t− C

sE
− sH

sE
t∗0)

(
TH − asα

H

b

T (t0)ebt0 − asα
H

b ebt∗0
)

sH
sE
−1

. (25)

2In the following, the temperature calculation is based on Equation (8).



Similarly, we have

Tt = THe
−b(t− C

sE
− sH

sE
t0)

(
TH − asα

H

b

T (t0)ebt0 − asα
H

b ebt0
)

sH
sE
−1

. (26)

Sincet0 ≤ t∗0, we haveTt ≤ T ∗t .

• Case 3: The temperature will not hitTH during[t∗0, t
∗
1]

for the job-shifted scenario but hitTH in [t0, t1] for the
original scenario.

In this case, we introduce a transition scenario that the
job is executed during[t∗∗0 , t∗∗1 ], wheret0 ≤ t∗∗0 ≤ t∗0,
t1 ≤ t∗∗1 ≤ t∗1, and the temperature hitsTH just at
t∗∗1 in this scenario. The existence of this scenario is
obvious. DefineT ∗∗t as the temperature att in this
scenario.

Since the temperature will hitTH at the boundaryt∗∗1
in the transition scenario, we can treat it as the scenario
that the temperature will hitTH either during the exe-
cution time or after the execution time. Therefore, we
can apply either of the temperature analysis in Cases 1
and 2 to this scenario.

First, we compare the original scenario with the tran-
sition scenario. We apply the temperature analysis in
Case 2 to both scenarios. Following the result of Case
2, we have

Tt ≤ T ∗∗t . (27)

Second, we compare the transition scenario with the
job-shifted scenario. We apply the temperature analy-
sis in Case 1 to both scenarios. Following the result of
Case 1, we have

T ∗∗t ≤ T ∗t . (28)

Therefore, by (27) and (28), we haveTt ≤ T ∗t .

• Case 4: The temperature will hitTH during[t∗0, t
∗
1] for

the job-shifted scenario but not hitTH during [t0, t1]
for the original scenario. Sincet0 ≤ t∗0, by (18), we
haveT0 ≥ T ∗0 . It is impossible to hitTH during[t∗0, t

∗
1]

and not hitTH during [t0, t1]. This case will never
happen.

In all possible cases, we haveTt ≤ T ∗t .
In traditional critical-instance analysis in systems with-

out blocking, the critical instance of a taskΓi occurs when
one of its jobJi,c is released at the same timeri,c with a job
in every higher-priority task. With the additional temper-
ature constraint, we must consider not only the worst-case

preemption by the high-priority tasks, but also the worst-
case temperature at this time instance, which is caused by
the jobs ofall tasksbeforethis time instance.

We consider the maximum busy intervalΛ beginning
with the critical instance for all tasks in a traditional real-
time system without blocking. Based on this maximum
busy interval, we can obtain the critical instance in our
temperature-constrained real-time system as described in
the following theorem:

Theorem 1 Assume that the tasks in a task system are
phased so that the last job of each task during the busy inter-
val Λ is completed a sufficiently-small time intervalε before
the completion time of the last job of the next lower-priority
task during the busy intervalΛ. The release time of the first
job of each task duringΛ will be a critical instance when
the temperature at the beginning ofΛ is maximized.

The time interval of lengthε is used to preempt the low-
priority tasks as late as possible. The execution time for
this short part of the job can be neglected. Figure 3 shows
an example of a critical instance for a three-task system in
both the traditional and our temperature-constrained real-
time system.

cr ,2 cf ,2
2Γ

1Γ

3Γ

Λ

(a) Traditional Real-Time System

cr ,2 cf ,2
2Γ

1Γ

3Γ

Λ

(b) Temperature-Constrained Real-Time System

Figure 3. An Illustration of A Crical Instance

Proof: In the sketch of the proof, we make use of
Lemma 1. If we shift a task such that its last job during
the busy intervalΛ is completedε time unit before the com-
pletion time of the last job of its next higher-priority during
the busy intervalΛ, then we will not change the worst-case
preemption by the high-priority tasks. However, with the



shifted task, more jobs should be pushed forward before the
critical time instance of each task. Then by Lemma 1, the
initial temperature will be raised. The release time of the
first job of each task duringΛ will be a critical instance
when the temperature at the beginning ofΛ is maximized.

4 Identical-Periodic Tasks

We first consider a set ofidentical-periodic tasks{Γi:
i = 1, 2, . . . , n}, whereΓi = (P,Ci). We adopt a fixed-
priority scheduling scheme, andΓi is assigned priorityi
(the smaller the index, the higher the priority).

In order to perform the schedulability test, we first con-
sider the critical instance for each task. Figure 4 shows an
example of the critical instance for TaskΓ2 in a three-task-
identical-period system.

cr ,2 cf ,2
2Γ

1Γ

3Γ

Λ

Figure 4. An Illustration of Identical Periodic
Tasks

By Theorem 1, the jobs of lower-priority tasks arrive first
during a busy interval. We can form a single task system,
which has a periodic task with periodP and processor cy-
cles C =

∑n
i=1 Ci for each job. First, we compute the

temperature at the release time of each task job. We assume
the temperature will hitTH sometime (otherwise, the case
at hand is not interesting).

As shown in Figure 5, we consider a jobJk with a release
timetk,0 and completion timetk,1. The temperature will hit
TH at timetk,H . First we obtain the time-instance formulas

t
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Figure 5. A Illustration of a Periodic Task un-
der Reactive Speed Scaling

for tk,0, tk,H , andtk,1
3:

tk,0 = kP, (29)

tk,H =
1
b

ln
asα

H

b − Tk,0

asα
H

b − Tk,H

+ tk,0, (30)

tk,1 =
sH

sE
(tk,0 +

C

sH
)− (

sH

sE
− 1)tk,H . (31)

Then we obtain the temperature at each time instance as
follows:

Tk,0 = Tk−1,1e
−b(tk,0−tk−1,1), (32)

Tk,H = TH , (33)

Tk,1 = TH . (34)

Based on the above formulas, we define

πk,0H = tk,H − tk,0 =
1
b

ln
asα

H

b − Tk,0

asα
H

b − TH

, (35)

πk,H1 = tk,1 − tk,H =
sH

sE
(

C

sH
− πk,0H), (36)

πk,01 = tk,1 − tk,0 =
C

sE
+ (1− sH

sE
)πk,0H , (37)

and

πk−1,10 = tk,0 − tk−1,1 (38)

= (P − C

sE
) +

1
b
(
sH

sE
− 1)

ln
asα

H

b − Tk−1,0

asα
H

b − TH

. (39)

By (32), (39), andTH = asα
E

b , we have

Tk,0

TH
=

(
( sH

sE
)α − Tk−1,0

TH

( sH

sE
)α − 1

)1− sH
sE

exp
(
−b(P − C

sE
)
)

. (40)

Then,

Tk−1,0

Tk,0
=

(
( sH

sE
)α − Tk−2,0

TH

( sH

sE
)α − Tk−1,0

TH

)1− sH
sE

. (41)

It is easy to show that ifTk−2,0 ≤ Tk−1,0, thenTk−1,0 ≤
Tk,0. Also we knowT (2, 0) ≥ T (1, 0) ≥ T (0, 0) = 0.
Therefore, by induction,Tk,0 is increasing in terms ofk.

3In the following equation, for simplicity, we denoteTx,y = T (tx,y).



Next, we want to obtainlim
k→∞

Tk,0 by (40), which is the

maximum of allTk,0’s. As k →∞, we have the fixed point
T ∗ = lim

k→∞
Tk,0 by the following equation

T ∗

TH
=

(
( sH

sE
)α − T∗

TH

( sH

sE
)α − 1

)1− sH
sE

exp

(
−b(P − 1

sE

n∑
i=1

Ci)

)
. (42)

Figure 6 shows the relationship betweenT∗

TH
andP , where

T ∗ is obtained as the fixed point by (42):
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Figure 6. α = 3, a = b = 1, sH
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Now, we go back to original identical-periodic-task set.
T ∗ is the maximum temperature at the beginning of a busy
period. Based on this, in the following, we want to obtain
the temperature at the critical instance of each task. We have
the following lemma:

Lemma 2 LetT ∗i denote the temperature at the critical in-

stance of taskΓi, then T∗i
TH

can be expressed by the following
formula:

T ∗i
TH

= min{1, (
sH

sE
)α + (

T ∗

TH
− (

sH

sE
)α)

e
− b

sH

P
j>i Cj}. (43)

Proof: At the critical instanceri,c, the jobs of lower-
priority task will be aligned back-to-back beforeri,c.

If the temperature does not hitTH atri,c, i.e.,T ∗i < TH ,
then by (8), we have

T ∗i =
asα

H

b
+ (T ∗ − asα

H

b
)e−

b
sH

P
j>i Cj . (44)

By (11), we have

T ∗i
TH

= (
sH

sE
)α + (

T ∗

TH
− (

sH

sE
)α)e−

b
sH

P
j>i Cj . (45)

Furthermore, byT ∗i < TH , we have

T ∗

TH
< (

sH

sE
)α + (1− (

sH

sE
)α)e

b
sH

P
j>i Cj . (46)

If the temperature hitTH beforeri,c, then we haveT ∗i =
TH , and the lemma is proved.

Now we consider the response timedi,c for the instance
Ji,c. If T ∗i = TH , we have

di,c =
1
sE

∑
j≤i

Cj . (47)

Otherwise

di,c = lim
k→∞

πk,01 −
1

sH

∑
j>i

Cj . (48)

By (32), we have

lim
k→∞

πk,01 = P − lim
k→∞

(tk,0 − tk−1,1) (49)

= P +
1
b

lim
k→∞

ln
Tk,0

TH
(50)

= P +
1
b

ln
T ∗

TH
. (51)

This gives rise to the following theorem that bounds the
worst-case delay:

Theorem 2 The worst-case delaydRSS
i experienced by a

job in taskΓi under reactive speed scaling can be bounded
as follows:

• If T∗

TH
< ( sH

sE
)α + (1− ( sH

sE
)α)e

b
sH

P
j>i Cj , then

dRSS
i ≤ P +

1
b

ln
T ∗

TH
− 1

sH

∑
j>i

Cj ; (52)

• Otherwise

dRSS
i ≤ 1

sE

∑
j≤i

Cj . (53)

In comparison, for the constant-speed scaling technique,
it is easy to show that the worst-case delaydSSS

i experi-
enced by a job in taskΓi can be bounded as

dSSS
i ≤ 1

sE

∑
j≤i

Cj . (54)

Corollary 1 If the deadline of taskDi = δP , where0 <
δ ≤ 1, then under reactive speed scaling we have the worst-
case delayd for any job in alln tasks bounded as follows:

dRSS ≤ P +
1
b

ln
T ∗

TH
, (55)

when 1
sE

∑n
i=1 Ci ≤ P .



Proof: Since taskΓn will experience the maximum de-
lay, we havedRSS = dRSS

n . Then by Theorem 2, we have

dRSS ≤

{
P + 1

b ln T∗

TH
, T∗

TH
< 1

1
sE

∑
i≤n Ci,

T∗

TH
= 1

(56)

By (42), T∗

TH
< 1 means 1

sE

∑
i≤n Ci < P and T∗

TH
= 1

means 1
sE

∑
i≤n Ci = P . Then the corollary is proved.

Furthermore, if we define the processor utilization as

U =
∑n

i=1

Ci
sH

P , then we have the following corollary:

Corollary 2 The maximum schedulable utilizationURSS

for the tasks under reactive speed scaling can be expressed
as

URSS =
sE

sH
ξ, (57)

where

ξ = min{1, δ + (
sH

sE
− 1)

1
bP

ln

(
( sH

sE
)α − e−b(1−δ)P

( sH

sE
)α − 1

)
}. (58)

Proof: By Corollary 1, when1
sE

∑n
i=1 Ci ≤ P , i.e.,

U ≤ sE

sH
, (59)

andP + 1
b ln T∗

TH
≤ δP , i.e.,

T ∗

TH
≤ e−b(1−δ)P . (60)

Then, by (42), we have

1
sE

n∑
i=1

Ci ≤ δP +
1
b
(
sH

sE
− 1)

ln

(
( sH

sE
)α − e−b(1−δ)P

( sH

sE
)α − 1

)
. (61)

Therefore,

U ≤ sE

sH
δ +

sE

sH
(
sH

sE
− 1)

1
bP

ln

(
( sH

sE
)α − e−b(1−δ)P

( sH

sE
)α − 1

)
. (62)

By (59) and (62), if we defineξ as (58), the corollary is
proved.

It is easy to show that under constant-speed scaling we
have

1
sE

n∑
i=1

Ci ≤ δP. (63)

The maximum schedulable utilizationUSSS for the tasks
under constant speed scaling can be expressed as

USSS =
sE

sH
δ. (64)

Therefore, asδ < 1 and T ∗ < TH , the maximum
schedulable utilization for the tasks under reactive speed
scaling is larger than the one under constant-speed scaling.

5 Performance Evaluation

In this section, we compare the performance of reactive
speed scaling with that of constant-speed scaling based on
the theoretical results from Section 4. We use themaximum
schedulable utilization(MSU) as the performance metric.

In our evaluation, we setα = 3 anda = b = 1. By
Corollary 2, we know that the MSU depends onδ, P , and
sE

sH
. In the following, we fix two of these parameters and

measure how the MSU is affected by the other parameters.
In each setting, we measure both constant-speed scaling and
reactive speed scaling. Figure 7 shows all the performance
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Figure 7. The Evaluation of the Maximum
Schedulable Utilization

results. We notice that, in all cases, reactive speed scaling



achieves a higher MSU than constant-speed scaling. In the
following, we explain the details of our results for each set-
ting.

MSU vs. Deadline Ratioδ: We measure how the dead-
line constraint affects the MSU. We setP = 0.1 and
sE

sH
= 0.8. We varyδ from 0 to 1. Whenδ is smaller,URSS

is much higher thanUSSS . This is because smallerδ’s give
rise to more idle time, which results in lower temperature
at the beginning of the next busy period. Therefore the pro-
cessor can run at the full speed for a longer duration under
reactive speed scaling, i.e., the processor can achieve higher
MSU. Whenδ = 1, reactive speed scaling is no better than
constant-speed scaling.

MSU vs. PeriodP : We measure how the value of period
affects the MSU. We setδ = 0.3 and sE

sH
= 0.8. We vary

P from 0 to 2. WhenP is smaller,URSS is higher than
USSS . With smallerP , the workload will be smooth (not
bursty), and the processor will tend to not heat up as much
as for more bursty workload.

MSU vs. Speed RatiosE

sH
: We measure how the ratio

between the equilibrium and maximum speed affects the
MSU. We setP = 0.1 and δ = 0.3. We vary sE

sH
from

0 to 1. The MSU is not monotonically changing with the
speed ratiosE

sH
under reactive speed scaling. For low speed

ratios the maximum speed causes the processor to heat up
very quickly, and so has little benefit. On the other hand,
whensH = sE , there is no benefit in using dynamic speed
scaling.

6 Conclusion and Future Work

It is a well-known problem that increased per-node com-
putation capabilities come at the cost of power, and power
dissipation is particularly critical in dense packaging envi-
ronments encountered in many critical systems. In this pa-
per we describe a model for temperature-aware computation
in real-time systems that is based on speed scaling. We de-
scribe a simple reactive speed-scaling scheme, which could
easily be implemented using the thermal management facil-
ities on many currently available microprocessors. We show
how schedulability analysis schemes for traditional environ-
ments can be extended to account for speed scaling.

The current work needs to be extended in a number of
directions, primarily schedulability analysis for more gen-
eral task sets and proactive speed scaling schemes. We are
currently working on formulating the critical-instance test
for arbitrary-period task sets. Since the critical instance de-
pends both on the interference by higher-priority tasks and
the temperature at the critical instant, we must describe the

location of busy intervalsbeforethe critical instant so as to
maximize the response time.

Proactive speed scaling schemes come in a variety of
ways. For example, the maximum speed can be defined per-
task, with low-priority task being assigned low maximum
speeds. At this point we don’t yet understand the criteria
needed to allocate speeds to tasks.
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