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Figure 1: A templeundegoing destructve modi cations. Both modelswere generatedy dual contouringa signedoctreewhoseedges
containHermitedata. Themodi ed modelon theright wascomputedrom thelefthandmodelin real-time.

Abstract

This paperdescribesa nev methodfor contouringa signedgrid

whoseedgesare taggedby Hermite data (i.e; exact intersection
pointsandnormals).Thismethodavoidstheneedo explicitly iden-
tify andprocessfeatures”asrequiredn previousHermitecontour

ing methods. Using a new, numerically stablerepresentatiotior

quadraticerror functions,we develop an octree-basednethodfor

simplifying contourgproducedoy this method.We next extendour
contouringmethodto thesesimpli ed octrees. This nev method
imposeso constrainton the octree(suchasbeingarestrictedoc-

tree)andrequiresno “crack patching”. We concludewith a simple
testfor preservingthe topology of the contourduring simpli ca-

tion.
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1 Intro duction

In thespringof 2001,17 studentsn anadvanceccomputegraphics
classsetout on a semestefong groupprojectto developa cutting-
edgecomputergame.Oneof the primarygoalsfor thegamewasto

incorporatetechnologythat allowed real-timemodi cation of the
gamegeometry (In gamingterminology suchgeometryis referred
to as“destructible”.) The geometricenginefor the resultinggame
washbasedon implicit modelingwith the ervironmentmodeledas
the zerocontourof a 3D grid of scalarvalues. Our choiceof this
representatiomwasguidedby the factthat CSGoperationsarepar

ticularly simpleto implementfor implicit models. Although this
gamewasarelative successye notedthatourimplicit approacho

modelinghadseveral disadwantagesDuring a post-projecteview,

we identi ed severalproblems:

Dueto the useof a uniform grid, we wererestrictedto rela-
tively smallgrid sizes.In particular the nal gamecouldonly
processervironmentsde ned usinggrids of size 643 dueto
therequirementhatthegamerunin real-time.

The resulting ervironmentlacked the sharpedgesfound in
mostpolyhedralmodels.Althoughwe could simulatea small
classof shapesuchasroomsandhallwaysby cleverly ma-
nipulatingthe sign eld, theresultingervironmentwasgeo-
metrically simplein comparisorto thosemodeledusingBSP
trees.

The polyhedralmeshesproducedby contouringoften con-
tainedlarge at regionstiled by numeroussmall polygons.
Thetiling of theseat regionstrivially in ated the numberof
polygonsin our modeland often overwhelmedthe graphics
cardusedfor thegame.



In preparatiorfor the next versionof the gamingclass,thein-
structorandthreemember®f theclass(theauthors)Yecidedo pur
suea yearlongprojectto rewrite the gameengineto addresghese
de ciencies. In particular we focusedon adaptingthreepiecesof
recentlydevelopedmodelingtechnologyfor our program.Eachof
thesepiecesaddresseeneof the problems:

First,weuseanoctreein placeof a3D uniformgrid. In partic-
ular, ouroctreeis inspiredby thoseusedin Adaptive Distance
Fields[Friskenetal. 2000;PerryandFrisken 2001]in which
signsaremaintainedat cornersof cubesn theoctree.

At the leaves of the octree, we tag those edgeswith sign
changedyy exact intersectionpoints and their normalsfrom
the contour This choiceis inspiredby the ExtendedVarch-
ing Cubesmethodof [Kobbeltet al. 2001]. Adding normals
allows this methodto exactly reproducea wide classof poly-
hedralshapesswell ascurvedor sharpedgesonthecontour

Third, we usethesenormalsto de ne a quadraticerrorfunc-
tion (QEF)for eachleaf of the octree. TheseQEFsarethen
usedn anoctree-basepolyhedrakimpli cation methodsim-
ilar to thatof [Lindstrom 2000]. Our methodusesthe added
informationspeci ed by the signsattachedo the cornersof
cubesin the octreeto presere the topology of this contour
duringsimpli cation.

Theresultingrepresentatioiis an octreewhoseleaf cubeshave
signsat their cornerswith exactintersectionsandnormalstagging
edgeghatexhibit signchanges(Seetheupperleft portionof gure
2 for anexample). Interior nodesin the octreecontainQEFsused
during simpli cation. This representatiolcanaccuratelyapproxi-
mateimplicit shapesaswell asparametricshapesuchassubdvi-
sionsurfaces.(Theseparametricshapesreimportedaspolygonal
approximationgndscancorvertedinto asignedoctree.)Theadap-
tive structureof the octreeallows for real-timeapproximateCSG
operationsandsimpli cation of theresultingshapes.

Given thatwe arebuilding on several piecesof previous work,
we shouldmake clearour original contrikbutionsin this paper First,
we proposea new methodfor contouringa 3D grid of Hermite
datathatavoidsthe needto explicitly identify andprocesgeatures
asdonein the ExtendedMarching Cubesmethod. After extend-
ing this contouringmethodto the caseof multiple materials,we
demonstraténow to modeltexturedcontours.We alsointroducea
new, numericallystablerepresentatiofor quadraticerrorfunctions
thatwe usein astandardctree-basethethodfor simplifying these
contoursandtheir texturedregions. We thendevelop a versionof
our contouringmethodfor simpli ed octreeghatimposeso con-
straintsontheoctree(suchasbeingarestrictedoctree)andrequires
no crackpatching.We concludewith a simplenew testfor preserv-
ing thetopologyof boththe contourandits texturedregionsduring
simpli cation.

2 Dual contouring on uniform grids

Although our ultimate goal is to develop a simple contouring
methodthatis suitablefor octreeswe rst considenvariousmeth-
odsfor contouringsigneduniform grids. The upperleft portion of

gure 2 shaws a typical exampleof a signeduniform grid. Those
edgesof the grid thatexhibit a sign changearetaggedby Hermite
dataconsistingof exact intersectionpoints and normalsfrom the
contour This Hermitedatacanbe computeddirectly from theim-

plicit de nition of thecontouror by scancorvertingaclosedpolyg-
onalmesh.

Figure2: A signedgrid with edgestaggedby Hermite data (up-
per left), its Marching Cubescontour (upperright), its Extended
Marching Cubescontour (lower left), andits dual contour(lower
right).

2.1 Previous contouring methods

Cube-basednethodssuchasthe MarchingCubes(MC) algorithm
andits variantsgenerat@neor morepolygonsfor eachcubein the
grid thatintersectghe contour Typically, thesemethodsgenerate
onepolygonfor eachportionof the contourthatintersects partic-
ular cubewith theverticesof thesepolygonsbeingpositionedatthe
intersectionof the contourwith the edgesof the cube. The upper
right portion of gure 2 shawvs a 2D exampleof the MC contour
generatedrom the signedgrid to its left. Theleft-handsideof g-
ure3 shavs a 3D exampleof aspheregenerateésthezerocontour
of thefunction f[xy;Z]= 1 x2 y2 Z2 This contourconsists
of a collectionof polygonsthat approximatethe restrictionof the
contourto individual cubesin thegrid.

Dual methodssuch as the SurfaceNetsalgorithm of [Gibson
1998]generat@nevertex lying onor nearthecontourfor eachcube
thatintersectshe contour For eachedgein the grid that exhibits
asignchangetheverticesassociatedvith the four cubesthatcon-
tain the edgearejoinedto form a quad. Theresultis a continuous
polygonalsurfacethat approximateshe contour The right-hand
sideof gure 3 shavs an exampleof the samespherecontoured
usingthe SurfaceNetanethod. Note thatthe polygonalmeshpro-
ducedby the SurfaceNetsnethodis dualto the meshproducedby
MC in the standardopologicalsense:verticesof the SurfaceNets
meshcorrespondo facesof the MC meshand vice versa. Dual
methodstypically deliver polygonalmesheswith betteraspectra-
tios sincethe verticesof the mesharefreeto move insidethe cube
asopposedo beingrestrictedto edgesf thegrid asin cube-based
methods?

INote that other methodssuchas [Wood et al. 2000] contourwithout
respectto the underlying ne grid. We focus our attentionon grid-based



Figure3: A spherecontouredusing the Marching Cubesmethod
(left) andthe SurfaceNetsnethod(right).

The ExtendedViarching Cubes(EMC) methodis a hybrid be-
tweena cube-basedhethodanda dualmethod. The EMC method
detectsthe presencef sharpfeaturesinside a cubeby examining
normalsassociatedvith the intersectiorpointson the edgesof the
cube. Thosecubeswhosenormalslie insidea userspeci ed cone
aredeemedo be featureless.In this case the EMC methodgen-
eratesa polygon(s)using standardMC. For thosecubesthat do
containa feature,the methodgenerates vertex positionedat the
minimizerof thequadratidunction

EM=am (x p)? @)

wherethe pairs p;; n; correspondo theintersectiongandunit nor-

mals)of thecontoumwith theedgesf thecube.Oncethisvertex has
beenpositionedthemethodgenerateatrianglefanto theedgeson

the boundaryof the cube. Finally, if two adjacenttubesboth con-
tain featurevertices thenthe pair of trianglesgeneratedy thefan
to theircommonfacehasits commonedge ipped to form afeature
edge.Thelower left portionof gure 2 shavs a 2D exampleof the
contourgeneratedby EMC.

2.2 Dual contouring of Hermite data

The main adwantageof the EMC methodis that it usesHermite
dataand QEFsin positioningthe verticesassociatedvith cubes
thatcontainfeatures.This Hermiteapproactcangenerateontours
thatcontainboth sharpverticesandsharpedges.Onedravbackof

this methodis the needto explicitly testfor suchfeaturesandto

then perform sometype of specialprocessingn thesecases.As

an alternatve to the EMC method,we proposethe following dual
contouringmethodfor Hermitedata:

1. For eachcubethat exhibits a sign change generatea vertex
positionedat the minimizerof the quadratidunctionof equa-
tion 1.

2. For eachedgethat exhibits a sign change,generatea quad
connectinghe minimizing verticesof thefour cubescontain-
ing theedge.

This methodis an interestinghybrid of the EMC methodand
the SurfaceNetsmethod. It usesthe EMC methods featurever
tex rule for positioningall verticesof the contourwhile usingthe
SurfaceNetsmethodto determingheconnectvity of thesevertices.
(Notethatthe SurfaceNetsnethodusesa completelydifferentrule

methoddik e the onesabove sincethis grid structureis the basisof our fast
CSGoperations.

Figure4: A mechanicapartgeneratedyy dualcontouringHermite
dataona 642 grid.

for positioningverticeson the contour) By usingQEFsto position
all of the verticesof the contour this methodavoids the needto
explicit testfor features.Verticeson the contourare simply posi-
tionedto be consistenwith the normalsassociatedvith the data.
Thelowerright portionof gure 2 shavs a 2D exampleof thedual
contourgeneratedy the Hermite datain the upperleft portion of
the gure.

Figure4 shavs a 3D exampleof a mechanicapart modeledby
dual contouringHermitedataon a 643 grid. Theleft imageshavs
a smoothshadedversionof the part while the right imageshavs
the polygonalmeshproducedby dual contouring.Theintersection
points and normalsfor the model were generatedrom a closed
subdvision surface.A sign eld denotingthe inside/outsideof the
modelwascomputedisingastandardgcancorversionalgorithmas
describedn [Foley etal. 1995].

2.3 Representing and minimizing QEFs

At this point, we shouldmalke afew commentsoncerninghow we
represenandminimizequadraticeerrorfunctions. ThefunctionE[x]
of equationl is constructedrom a collectionof intersectiorpoints
p; andnormalsn;. This functionE[x] canbe expressedistheinner
product(Ax b)T(Ax b) whereA is amatrixwhoserows arethe
normalsn; andb is avectorwhoseentriesaren; p;. Typically, the
quadratidunctionE[X] is expandednto theform

EX= X' ATAx 2x"ATb+b'b 2)

wherethematrix AT A is as¥mmetric3 3 matrix,ATbis acolumn
vectorof lengththreeandb’ b is ascalar Theadwantageof this ex-

pansionis thatonly thematricesAT A, ATb andb” b needbe stored
(10 oats), asopposedo storingthe matricesA andb. Further

more, a minimizing value X for E[x] canbe computedby solving
thenormalequationsAT AX = ATh.

Onedrawbackof this representatiors thatit is numericallyun-
stable.For example,considercomputingthe valueof E[X] in oat-
ing pointarithmeticwhentheintersectiorpointsandnormalsused
in constructingg[x] aresampledrom a at area.For agrid of size
256° (asin gure 1), the magnitudeof b" b canbe on the orderof
10P. Since oats areonly accurateto six decimaldigits, if E[] is
evaluatedat pointson the original at area(whereE[x] shouldbe
zero),theresultingvaluehasanerroronthe orderof 1.

Onepossiblesolutionto this problemis to usedoubleprecision
numbersinsteadof oats in representindA’ A, ATb andb"b. Us-



ing doublesthevalueof E[x] in our at examplenow hasanerror
of 10 8. Of course the main dravbackof usingdoublesin place
of oats is thatthe spacerequireto storea QEF is doubled. For
our application,we foundthis solutionto be problematicsinceour
programtendedo be spaceboundasopposedo beingtime bound.
(Seethelastsectionfor details.)

An alternatve representatiofor QEFsthatdeliverstheaccurag
of doubleswhile usingonly oats is basedon the QR decomposi-
tion [Golub andVanLoan1989]. If (A b) is the matrix formedby
appendinghe columnvectorb to thematrix A, theideabehindthis
decompositiors to computeanorthogonamatrix Q whoseproduct
with (A b) is anuppertriangularmatrix of theform

0 1

X X X X
0 X X X OA Bl

0 0 x xG_ 0o r ¢,

0 0 0 x _%0 Og' )
0O 0 0 O Lo

Here, A is an uppertriangular3 3 matrix, b is a columnvector
of length3 andr is a scalar This matrix Q canbe expresseds
the productof a sequencef Givensrotationswhereeachrotation
zeroesa singleentryin thelower partof (A b).

Sinceary orthogonalmatrix Q satis estherelationQ'Q = I,
E[X] canberewritten as

(Ax b)TQ"Q(AX b)

(QAX Qb)T(QAX Qb)
(Ax b)T(Ax b)+r?

(Ax b)T(Ax b)

To evaluateE[x] in this form, we computethe productof thevector
Ax b with itself andthenaddr2. Returningto our previous at
example we notethatb hasentriesontheorderof 10° andtherefore
Ax b hasentriesthatareon the orderof 10 3 whenx is chosen
fromthe at regions.Thereforethecomputedsalueof E[x] will be
ontheorderof 10 ©.

If Ais non-singularthe minimizing X canbe computedoy solv-
ing AR :AB using back substitution. However, during dual con-
touring, A is often computedfrom noisy normalsthat are nearly
coplanar In this case the matrix A is nearlysingular As aresult,
the minimizing X may lie far outsidethe de ning cube. To solve
this problem,we computethe SVD decompositiorof A andform
its pseudo-imerseby truncatingits small singularvaluesasdone
in [Kobbeltet al. 2001; Lindstrom2000]. Basedon experimenta-
tion, we typically truncatethosesingularvalueswith a magnitude
of lessthan0:1. Using the resultingpseudo-inerse,we thenap-
proximatelysolve AX = b while minimizing thedistanceof X to the
centroidof theintersectiorpointsp;.

2.4 Modeling textured contours

In gure 3, both contouring algorithms producedsurfacesthat
boundedthe transition from negative (empty) spaceto positve
(solid) spaceln arealisticervironment,solidsarenot composeaf
asinglehomogeneoumaterial.In practice solidsarecomposeaf
acollectionof materialseachof whichinducesaregionwith adis-
tinct texture on the contour Figure5 shavs an exampleof a cube
consistingof two materials,a gold materialformedby extrudinga
Chinesecharactethroughthe cubeanda red materialforming the
remainingportion of the cube.Notethatthe gold materialis a true
solid (andnotasurfacetexture) sincethe gold characteextendsall
theway throughthecube(asevidencedby thecubeafteraspherical
cutontheright).

This partition of solidsinto distinct materialscan be modeled
implicitly by replacingthesigns and+ (correspondingo empty

Figure6: Thedualcontourfor athree-inde grid (left), treatingthe
two solid (dark)indicesassingleindex(right)

andsolid space)by a materialindex. In this representationgach
grid point hasan index correspondingo a distinct material.(See
[Bloomenthaland Feilguson1995; Bonnell et al. 2000] for exam-
plesof similar approaches.}igure6 shavs a 2D grid with three
distinctindices;thegrayandblackgrid pointsdenotedistinctsolid
materialswhile white grid points denoteempty space.As before,
edgeghatexhibit index changesrealsotaggedby exactintersec-
tion pointsand normals. During contouring,this Hermite datais
usedin equationl to de ne a QEFassociateavith eachcubein the
grid. Next, for eachedgethatexhibits anindex changedual con-
touring generates quadconnectingthe minimizersof the QEFs
for thefour cubescontainingthe edge. The left portionof gure 6
shavs thedual contourthatseparatethethreematerials.

If the viewer is restrictedto empty space we canoptimizethis
contouringmethodfor solidsthatconsistof severaldifferentmate-
rials. In particular quadsgeneratedy solid/solid edgesare not
visible from empty space. The remainingquadscorrespondto
solid/emptyedgesand can be textured using the materialproper
ties of the solid endpointof theedge?. In gure 5, the underlying
grid containsthreematerials:empty space gold material,andred
material. The resultingdual contourconsistsof red quadsgener
atedby red/emptyedgesandgold quadsgeneratedy gold/empty
edgesRed/goldedgesdo notgeneratguads.

2Eachmaterialhasan associatedblack box” de ned duringthe mate-
rial's additionto the modelthatcorverts3D geometriccoordinatesnto 2D
texture coordinates.



Whenthreeor more materialsmeetinside a single cube, dual
contouringplacegheminimizing vertex ator neartheirintersection
point. This positioningallows the outlinesof lettersandcharacters
embossednasurfaceto bereproducederyaccurately(Theright-
handportionof gure 12 shaws a close-upexampleof this effect.)
Cube-basedontouringmethodsconstrainthe verticesof the con-
tourto lie onthe edgesof the 3D grid makingthis effectdif cult to
achieve.

The move to the multi-materialcaseallows for severalinterest-
ing variationson the CSGoperationsisedin thetwo-materialcase.
In placeof the standardCSGoperationswe usea singleoperation
Addthatoverwritesa portionof the existing modelwith anev ma-
terial. Subtractve operationsuchasthe sphericalcutin the upper
right of gure 5 canbe representeds addinga sphereof empty
spaceto the model. Anotherusefulvariantof Addis the operation
Replacethat overwritesonly the solid portion of the model. This
operationcan also be usedto simulatetexturing a portion of the
contour For example,thelowerimagesin gure 5 shav a portion
of the solid replacedby a blue materialandthensubsequentlgut
by asphere.

3 Adaptive dual contouring

The previous algorithmfor dual contouringhasthe obvious disad-
vantageof beingformulatedfor uniformgrids. In practice mostof

auniform grid is devotedto storinghomogeneousubed(i.e; cubes
whoseverticesall have the samesign). Only asmallfractionof the
cubesareheterogeneouand,thus,intersectthe contour Oneway
to avoid this wasteof spaceis to replacethe uniform grid by an
octree.In this sectionwe describeanadaptve versionof dualcon-
touringbasedn simplifying anoctreewhoseleavescontainQEFs.
This methodis essentiallyan adaptie variantof a uniform simpli-

cation methoddueto [Lindstrom 2000]. Our methodhasthree
steps:

Generat@signedoctreewhosehomogeneouleavesaremax-
imally collapsed.

Constructa QEFfor eachheterogeneougafandsimplify the
octreeusingtheseQEFs.

Recursvely generatgolygonsfor this simpli ed octree.

Note thatour methodalsodiffersfrom Lindstrom's methodin that
we generatgolygonsfrom the signedoctreeinsteadof collapsing
polygonsin anexisting mesh.

Generatinghesignedoctreein the rst stepis relatively straight-
forward. For implicit or polygonalmodels this octreecanbe con-
structedrecursvely in atop-dovn mannerby spatiallypartitioning
the models. For signeddataon a uniform grid, this octreecanbe
generatedn a bottom-upmannermy recursvely collapsinghomo-
geneousegions. Thenext two subsectionexaminethesecondand
third partsof this processn moredetail. (Note that the adaptve
methoddescribedhereworks for the multi-material casewithout
modi cation.)

3.1 Octree simplication using QEFs

Our approactto the secondstepof the adaptve methodis to con-
structa QEF associatedvith eachheterogeneoukeaf usingequa-
tion 1. Notethattheresidualassociatedvith the minimizerof this

QEF estimateshow well the minimizing vertex approximateghe
original geometry[GarlandandHeckbert1998]. Our approactto

simplifying the resultingoctreeis to form QEFsat interior nodes
of the octreeby addingthe QEFsassociateavith the leavesof the
subtreaootedby thenode.Thoseinterior nodeswhoseQEFshave

aresiduallessthana giventolerancearecollapsednto leaves.

Figure7: Closeupf two polygonalapproximationgo thetemple
computedusingthestandardleft) andQR (right) representatiofor
QEFs.

Theonly modi cation thatwe make to this methodis to change
our internal representatiofior QEFsto take advantageof the QR
decompositiordiscussedn the previous section. To this end,we
represent QEF in termsof 10 oats correspondindo the entries
of theuppertriangularmatrix of equatior3. Addingtwo QEFscor
responds$o meging therows of theirtwo uppertriangularmatrices
to form asingle8 4 matrix of theform
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A
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OOX X OO X X
O X X X OX X X
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and then performinga sequencef Givensrotationsto bring the
matrix backinto uppertriangularform of equation3. Dueto theor-
thogonalityof the Givensrotations the QEFfor themeigedsystem
is the sumof QEFsassociatedvith the unmeged systems.Note
that bringing the memged systemback into uppertriangularform
is slower (around150 arithmetic operations)than simply adding
10 oats asdonein the standardepresentationHowever, theim-
provedstability of therepresentatioteadsto bettersimpli cations.

Figure7 givesa concretdllustration of the advantageof the QR
representatios'stability. The meshesn this gure show two sim-
pli cations of thetemplefrom gure 1to anerrorof 0:014;theleft
meshwascomputedisingthestandardepresentatiofor QEFs the
right meshwas computedusing the QR representatiofior QEFs.
(To give a senseof scale thetemplewasde ned over a 256° unit
grid.) Dueto thenumericalerrorintroducedby theinstability of the
standardepresentatiorthemeshontheleft contains/8K polygons
while themeshontheright has36K polygons.

3.2 Polygon generation for simplied octrees

Given this simpli ed octree,our next taskis to modify the poly-
gon generatiorphaseof dual contouringappropriately For cube-
basedmethods this problemof generatingcontoursfrom octrees
has beenextensiely studied[Bloomenthal1988; Wilhelms and
Gelder1992;Livnatet al. 1996;Shekhart al. 1996; Westermann
et al. 1999; Frisken et al. 2000; Cignoni et al. 2000]. Typically,
thesemethodsrestrict the octreeto have neighboringleaves that
differ by atmostonelevel (i.e; “restricted”octreesandusuallyper
form sometype of crackrepairto ensurea closedcontour [Perry
andFrisken2001]describes variantof the SurfaceNetslgorithm
for signedoctreesdhasedon enumeratinghe edgesassociatedvith
leavesof theoctree.In particular

For eachedgethat exhibits a sign change generatell trian-
glesthatconnectheverticesassociatewvith ary threedistinct
cubescontainingthe edge.
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Figure8: Threesimpli ed versionsof themechanicapart.

To avoid generatingedundantriangles this methodculls some
of the generatedrianglesbasedon the relative positionsof their
correspondingdgesnsidealeafcube.In the nal mesheachedge
correspondso eitheroneor two triangles(a quad)on theresulting
contour The main disadwantageof this method(asacknavledged
by the authors)is thatit occasionallyyields contourswith cracks.
The authorsidentify theseproblemcon gurationsandavoid them
by performingextra subdvision ontheoctree.

We proposea simpler rule for dual contouringsignedoctrees
thatavoidsthis needfor extra subdvision. Therule is basednthe
obsenationthatonly thoseedgesf leaf cubegthatdo not properly
containan edgeof a neighboringleaf shouldgeneratea polygon.
We referto suchedgesasthe minimal edgesof the octree. Thus,
ourrulefor polygongenerations

For eachminimal edgethat exhibits a sign change generate
a polygon connectingthe minimizing verticesof cubesthat
containtheedge.

Thisrule hasthepropertythatit alwaysproduces closedpolyg-
onal meshfor ary simpli ed octree. In particular every edgein
the meshis containedby an even numberof polygons. To prove
this fact, we obsene that edgesin the dual contourare generated
by pairsof face-adjacenteaf cubes.The minimal edgediling the
boundaryof theircommonsquardacealwaysexhibit anevennum-
ber of sign changessincethe boundaryof the squareis a closed
cune. Thereforetherule alwaysgenerateanevennumberof poly-
gonscontainingthe edge. For example,the commonsquareface
alwaysconsistof four consecutie edgesn theuniformcase.This
chainof four edgescanexhibit eithertwo or four signchangesnd
consequenthgeneratewo or four polygonscontainingthe com-
mon edge. (It is possibleto constructsignedoctreeshatgenerate
dualcontourswith 6 or morepolygonsshareacommonedge.)Fig-
ure8 shavsthreesimpli ed approximationso themechanicapart.
Notethattherightmostmeshhasundegoneatopologychange.

Thisrulegeneratefrianglesnsteadf quaddn transitionakareas
of theoctreewhereasinglecoarsecubeis face-adjacertb four ne
cubes.Minimal edgesin the middle of the sharedcoarsefaceare
containedby only threecubesand generatdrianglesthat form a
transitionbetweencoarsequadsand ne quads. Figure 7 shovs
mary examplesof suchtransitiontrianglesproducedy contouring
asimpli ed octree.
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Figure 9: Recursve functionsfaceProc (black) and edgeProc

(gray)usedin enumeratingpairsof leaf squareshatcontainacom-
monedge.

Note thatthe Perry/Frislen rule enumerategdgesn the octree
andthenlocatesthosecubesthat containthe edge. This neighbor
nding entailseitherwalking up anddown the octreeor explicitly
maintaininglinks betweemeighboringcubes. Insteadof enumer
ating edgesandtrying to nd neighbors,we proposea recursve
methodfor enumeratinghosesetsof cubesthatcontainacommon
minimal edge.For the sale of simplicity, we explain this enumera-
tion methodfor quadtreesvhile notingthata similar methodworks

for octrees.

The key to this enumeratiorprocedureare two recursve func-
tionsfaceProc[ q] andedgeProc[q;,, g,] . Givenaninteriornode
g in thequadtreefaceProc[ ] recursvely callsitself onthefour
childrenof g aswell ascallingedgeProc on all four pairsof edge-
adjacenchildrenof g. Givena pair of edge-adjacerniterior nodes
g, andgq,, edgeProc[q,, g,] recursiely calls itself on the two
pairsof edge-adjacerghildrenspanninghecommonedgebetween
0, andg,. Figure9 depictsthemutuallyrecursie structureof these
two functions.

The recursve calls to edgeProc[q,, g,] terminatewhenboth
g, andq, are leaves of the quadtree. At this point, the call to
edgeProc hasall of theinformationnecessaryo generate¢he sey-
mentassociateavith the minimal edgesharedoy ¢, andg,. Note
therunningtime of this methodis linearin the sizeof the quadtree
sincethereis onecall to faceProc for eachsquaren the quadtree
andonecall to edgeProc for eachedgein thequadtree.

Contouring octreesrequires three functions cellProc[ q] ,
faceProc[ q,,q,] and edgeProc[q,, d,, 03, 9,] . The func-
tion cellProc spawns eight calls to cellProc , twelve calls
to faceProc and six calls to edgeProc. faceProc spavns
four calls to faceProc and four calls to edgeProc. Finally,
edgeProc spavns two calls to edgeProc. Therecursve callsto
edgeProc[qy, 0y, 3, d,4] terminateat minimal edgesof the oc-
treeswhereall of theg;'s areleaves.

4 Simpli cation with topology safety

Simpli cation methodssuchas[RossignaandBorrell 1993;Lind-
strom 2000] have the propertythat the topologicalconnectvity of
the polygonalmeshmay changeduring simpli cation. More so-
phisticatednethodssuchas[StanderandHart 1997; Gerstnerand
Pajarola2000; Wood et al. 2000; Guslov and Wood 2001] were
developedto maintainthe connectity of the meshduring simpli-
cation. Unfortunately in our setting,not only canthe topolog-
ical connectvity of the contourchangeduring simpli cation, but
alsothe connectwity of its texturedregions. The left side of g-
ure 12 shawvs anexampleof a simpli cation in which distinctparts
of the Chinesecharactehave melgedmakingit dif cult to recog-
nize. While thesetopologicalchangesarenot alwaysundesirable,
we wish to have the option of maintainingthe topologicalconnec-
tivity of the contourandits texturedregionsduring simpli cation.



Speci cally, givenaninterior nodein the octreewhoseeight chil-
drenareleaves,we desirea testbasedon the signs(or indices)at
thecornersof thesdleavesthatguaranteethatthetopologicalcon-
nectiity of the dual contourandits texturedregionsis presered
duringcollapseof thenode.

4.1 The two-signed case

Considera coarsecubeconsistingof eight leaf cubes. The signs
atthecornersof the eightleaf cubesde nea3 3 3 grid whose
cornersdene a2 2 2 coarsegrid. Our goalis to develop a
testfor determiningwhetherthedualcontourgeneratedby this ne
grid is topologicallyequivalentto thedualcontourgeneratedby the
coarsegrid 3.

Before presentinghe test, we recall that a d-dimensionalcon-
tour is locally a manifoldif it is topologically equivalentto a d-
dimensionabisc. Sincea cubehastwelve edgesdual contouring
cangenerataup to twelve polygonsthat meetat the centralvertex
associateavith the cube.For mostcommonsigncon gurationson
the cube, thesepolygonsde ne a manifold at this vertex. How-
ever, thereexist sign con gurationsfor which the dual contouris
non-manifold. (Thesecon gurations correspondo the “ambigu-
ous” sign con gurationsin standardcube-basedanethods.)Given
this de nition, the safetytesthasthreechecks:

1. Testwhetherthe dual contourfor the coarsecubeis a mani-
fold. If not, stop.

2. Testwhetherthe dualcontourfor eachindividual ne cubeis
amanifold. If not, stop.

3. Testwhetherthe ne contouris topologicallyequivalentto the
coarsecontouron eachof the sub-facesof the coarsecube. If
not, stop;otherwisesafelycollapse.

The rst two checksrestrictthe simpli cation procesgo mani-
fold dual contours.(Note thatthe secondcheckcanbe droppedif
the ne leafcubesarethemselestheresultsof apreviouscollapse.)
In practicethis restrictionis acceptablesincemost ne resolution
contoursare manifold with non-manifoldcontoursusually arising
dueto unsafesimpli cation. For the rst two checks[Gerstnerand
Pajarola2000] describea simpletestfor determiningwhetherthe
contourassociateavith a singlecubeis a manifold. Theideais to
repeatedlycollapsethe edgesof the cubewhosecornershave the
samesignto asinglevertex. Now, the contourassociatedvith the
cubeis manifoldif andonly if theresultof thisreductionis asingle
edge. Theresultof this testcanbe pre-computedor all possible
sign con gurations associatedvith a single cubeand storedin a
tableof size28.

The third checkteststopologicalequivalenceof the coarseand

ne contoursasfollows: First, the methodchecksfor topological
equivalenceon the edgesof the coarsecube. Next, the method
checksfor topologicalequivalenceon the facesof the coarsecube.
Finally, the methodchecksfor equivalenceon the interior of the
coarsecube. Thesecheckscanbe implementedasa sequencef
signcomparison®nthe3 3 3grid of signs.

The signin the middle of a coarseedgemustagreewith the
signof atleastoneof theedges two endpoints.

The signin the middle of a coarsefacemustagreewith the
signof atleastoneof thefaces four corners.

The signin the middle of a coarsecubemustagreewith the
signof atleastoneof thecubes eightcorners.

3Two shapesare topolagically equivalentif they canbe deformedinto
eachotherby a continuousinvertiblemapping.

Figurel0: Threesignedquadtreesndtheir dualcontours.

Figure 10 shaws threesignedquadtreeghat are candidategor
simpli cation. The dual contourfor the left quadtreeéhastwo dis-
tinct connectedcomponentsin this casethe rst checkrejectsthe
simpli cation asunsafesincethecontourfor thecollapsedjuadtree
is non-manifold.Thedual contourfor the middle quadtreealsohas
two distinct components.In this case,the third checkrejectsthe
simpli cation sincethe left edgeof the quadtreecannotbe safely
simpli ed. The signsfor the rightmostquadtreesatisfy all three
checksandthereforethe quadtreecanbe safelysimpli ed.

Theproofof correctnes$or thesesigncheckss basedn estab-
lishing topologicalequivalencefor subfaicesof the coarsecubein
orderof increasinglimension.Theright meshin gure 8 shavsan
exampleof asimpli ed versionof the mechanicapartthathasun-
deigoneatopologychangethatdisconnectshe mesh. The middle
meshin gure 8 shavs anexampleof the partaftersafesimpli ca-
tion with thetopologycheckspreventingfurtherunsafesimpli ca-
tion.

4.2 The multi-material case

Onenicefeatureof the contouringandsimpli cation methodgdis-
cussedin the previous sectionsis that thesemethodshandlethe
caseof multiple materialswithout any extra dif culty . Luckily,
thesafetytestdescribedn the previoussubsectioralsogeneralizes
to the contoursof multi-materialregions with one small change.
An apparentlif culty is thatthe contoursof multi-materialregions
areinherentlynon-manifoldin the two-materialsense.For exam-
ple, gure 11 shavsthreeexamplesof dualcontoursseparatinghe
threematerials.Two of the contourshave a vertex wherethreema-
terialsmeet. Note thatif we considerthe boundaryof eachmate-
rial's region separatelywe canstill classifywhetherthis portion of
the dual contouris a manifold. Speci cally, a multi-materialdual
contouris a quasi-manifoldf the boundaryof eachmaterials re-
gionis amanifold. In thetwo-materialcase peinga quasi-manifold
is equivalentto beinga manifold.

Now, themulti-materialsafetytestdeterminesvhetherit is topo-
logically safeto simplify dual contoursthat are quasi-manifolds.
As before thisrestrictionis notparticularlyproblematicsincemost
portionsof a multi-materialcontourare quasi-manifold.This new
test again consistsof three phasesand is identical to the two-
materialtestwith theexceptionthatwe replacethe rst andsecond
checksfor whetherthe contourinside a single cubeis a manifold
by an equivalenttestfor whetherthe contouris a quasi-manifold.
Theindex testsin phasethreeremainunchanged.

In analogywith the manifold case,the quasi-manifoldtest for
a multi-material cube involves collapsingeachedgeof the cube
whoseendpointshave the sameindex. Now, thedual contourasso-
ciatedwith thecubeis a quasi-manifoldf andonly if thecollapsed
edgegraphis asimplex (i.e; apoint,asggment,atriangleor atetra-
hedron). As in the two-sign case,the valuesof this function can
be pre-compute@ndstoredin alookuptableof size48. (If acube
has5 or moredistinctindices,its edgegraphcannotcollapseto a
simplex.) Thecorrectnessf thistestcanbeveri ed by selectingan
index onthecubeandtreatingall of theremainingindicesasbeing
equivalent. Sincetheresultingedgegraphcollapsego a sggment,
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Figurell: Threemulti-materialquadtreesndtheir dualcontours.

Figure12: The Chinesecubeafter unsafesimpli cation (left) and
safesimpli cation (right). Note thatdistinct partsof the character
have megedduringunsafesimpli cation.

the portion of the contourcorrespondindo the chosenindex is a
manifold.

Figurellshavstwo multi-materialquadtreeshatarecandidates
for simpli cation. Theleft quadtrees rejectedsincethethird check
fails on the bottom edgeof the quadtree. The middle quadtree
passesll threechecksand collapsego the quadtreeon the right.
Notethatthecontourfor this collapsedjuadtreés aquasi-manifold
sincethe collapsededgegraphfor this squards atriangle.

Figure 12 shavs two simpli ed versionsof the Chinesecube
from gure 5. The left versionhasbeensimpli ed without ary
typeof topologicalsafety Note thatthe disjoint component®f the
Chinesecharactethave fusedtogether The right versionhasbeen
safelysimpli ed usingthe multi-materialtestwith separateegions
of thecharacteremainingdistinctafter simpli cation.

5 Results

The currentversionof our geometrigorogramrunson a consumer
gradePC equippedwith a GeForce 3 video card. The program
performsadaptve dual contouringon anindexed octree. The ta-

ble belonv shavs the numberof quadsgeneratedby our methodfor

variousexamplesafter simpli cation to anerrortoleranceof 0:01.

(All grids have unit spacing.) Thetime eld representshe total

time to simplify theinitial octree(with topologicalsafety)andthen

generatgolygonsfrom the simpli ed octree.The CSGoperations
(sphere®f radius6) in gure 1tookapproximatel\80 milliseconds
to compute.

model #quads| time (MS) | spacgMB)
part643 2578 44 1.3
Chinesecube128® | 1646 636 32
temple256° 39201 3586 156
david 512 143533 | 2948 91
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