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Part I:

Introduction to Knot Insertion



Knot Insertion Algorithm

Input
e T ={ty,....t,+, r —- knot sequence
e P={F..., B} --control points

* I'={7,...,Tyspn} -- new knot sequence -- I' D T

Output

* 0={0.--,0u} -- new control points

Constraint
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B-spline Curve
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Knot Insertion
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Theorems

Existence

e All splines are B-splines.

Convergence

* The control polygons generated by knot insertion converge to the B-spline

curve for the original control polygon as the knot spacing approaches zero.

Corner Cutting

* Knot insertion is a corner cutting procedure.



Applications of Knot Insertion

Rendering

Intersection

Conversion from B-spline to Piecewise Bezier Form

Proof of the Variation Diminishing Property



Types of Knot Insertion Algorithms

Local Knot Insertion
N T={l1,...,tv+n}

I = {tl""’tk’uk,l 7""uk,dk ’tk+1’°"7tv+n}

Global Knot Insertion
. T={t1,...,tv+n}

I'= {tl s U] 5 - -’ul,dl 0255 lyyn—1s Uyrpn-115+>Uy+rn-1,d 1 ’tv+n}

v+n—



Examples of Knot Insertion Algorithms

Local Knot Insertion Algorithms Global Knot Insertion Algorithms
e Boehm’s Algorithm e  Chaikin’s Algorithm

* Oslo Algorithm * Lane-Riesenfeld Algorithm

e Sablonniere’s Algorithm *  Goldman-Warren Algorithm

Factored Knot Insertion e Schaefer’s Algorithm -- NEW



Global Knot Insertion
e  Works Only for Uniform Knot Sequences
-- Knots in Arithmetic Progression -- Lane-Riesenfeld (1973)
thel=l +Q
--  Knots in Geometric or Affine Progression -- Goldman-Warren (1993)
fee1 = Pl + @

 Does not Apply to Arbitrary Knot Sequences

Blossoming
e Provides Only New Proofs of Already Known Results
-- No New Results

-- No New Insights



Part I1:

Local Knot Insertion Algorithms



Knot Insertion Algorithms from Blossoming

Boehm’s Algorithm -- Inserts one new knot at a time

Oslo Algorithm -- Computes one new control point at a time

Sablonniere’s Algorithm -- Local change of basis algorithm

Factored Knot Insertion -- Forward differencing for knot insertion



Blossoming

Symmetry

e  p(uy,...u,)= p(ug(l),...,ug(n)) for any permutation o of {l,...,n}

Multiaffine

o plup,...d=c)ug + awy ..., u,) =A-a) p(ug,...,up,...,u, ) + aP(Uy,..c W ..., U,

Diagonal

o pteal)=P(0)

n
Dual Functional Property

*  P()=) Nin®P = Pc=ptisin-tisn) (B-spline Curves)

* P()=) B{OP = Pc=pa,....ab,....b) (Bezier Curves)
n-k k



Properties of the Blossom

Existence and Uniqueness

 Every Degree n Polynomial P(¢) has a Unique Blossom p(uy,...,u,,)

Power Law
e Each Parameter uy,..., u,, Appears to at Most the First Power

* Equivalent to Multiaffine Axiom



Examples (Existence)

Monomials

P(t)=1 = p(u,uy,uz)=1

U +uy +uy
P(t)=t = p(uj,uy,uz)= 3
2 Uy + Uz + Uzl
P@t)=t" = pup,uy,u3)= 3

3
P(t)=t" = puy,up,uz)=ujurus

Cubics

P(t) = Cl3f3 + a2t2 + a1t + qg

Ui, + Uy + Uzl
142 233 31+Cl

u +uy +I/t3 +

pQuy Uy, uz) = azi i, us +a, 3

1 Z)



Blossoming Diagrams -- Multiaffine Property
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Blossoming Diagrams -- Multiaffine Property

tz.tnu
tn+1_/ ‘Y—ﬂ
l‘l...tn t2°tn+1

4 1—Uu I/t—tl
Pty tpt) =2 p(ty,... t,) + ———p(ty,.. \tpe1)
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Boehm’s Algorithm

New Control Points

Ihizu 3l4U f4l5U

N e

hi13 sty 13t 415 L4116

Original Control Points

Original Knot Sequence: ...,11,l,l3,14,l5,1¢g,...

New Knot Sequence: ety I3, U Ty 5, g,



Oslo Algorithm

New Control Point

uiuU3
Ig = V »\u3 ~- 13
23251725 4yt
f4—V ‘YQ 5 7’ ‘\uz—ts
Ih I3y I3t f4l5U1
te — U
M—V ‘K_q t5y ‘K_Q 6/ M_%
nixts i3ty 3t 4ts I41516

Original Control Points

Original Knot Sequence: ...,1,l5,03,l4,l5,1¢,...
New Knot Sequence: cens iy B3 Uy, U g Ty, T5, T,
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Chaikin’s Algorithm:

Quadratic B-splines -- Uniform Knots

31!>0+P1 P0+3P1 3P1+P2 P1+3P2 3P2+P3 P2+3P3...
0+1 P1+P2 P2+P3

/\/ \/\/\/\/\/\

Split and Average



Lane-Riesenfeld Algorithm:

Cubic B-splines -- Uniform Knots

APy+4PR PBy+6P+P, 4P +4P, B +6P,+P; 4P, +4P; .,

SN NSNS N

3PO+P1 P0+3Pl 3P1+P2 P1+3P2 3P2+P3 P2+3P3

/\/\/\/\/\/\

f)1+P2 P2+P3

/”\/\/\/\/\/\/\m

Split and Average




Proofs of Lane-Riesenfeld Algorithm

1. Continuous Convolution of B-spline Basis Functions
J. LANE and R. RIESENFELD (1980): A theoretical development for the
computer generation and display of piecewise polynomial surfaces. IEEE

Transactions on Pattern Analysis and Machine Intelligence 2, pp. 35-46.

2. De Boor Recurrence (Induction)
R. GOLDMAN and J. WARREN (1993): An extension of Chaikin’s algorithm to
B-spline curves with knots in geometric progression, CVGIP: Graphical Models

and Image Processing, Vol. 35, pp. 58-62.

2'. De Boor Recurrence (Induction) = Oslo Algorithm

H. PRAUTZSCH (1984): A short proof of the Oslo Algorithm, Computer Aided
Geometric Design, Vol. 1, pp. 95-96.



New Proof of L.ane-Riesenfeld Algorithm

3. Blossoming
E. VOUGA and R. GOLDMAN (2006): Two Blossoming Proofs of the
Lane-Riesenfeld Algorithm -- Dagstuhl Conference on Geometric Modeling

2005, to appear in Computing.



Lane-Riesenfeld Algorithm -- Blossoming Interpretation

Quadratic B-splines

Ly 132 2oL 23 33

/\/\/\/\/\/\
/\ /\/\/\/\/\/\

Uniform Knots
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Lane-Riesenfeld Algorithm

Quadratic B-splines
1. Double the Control Points
2. Convert to Piecewise Bezier Form

3. Insert New Knots Using Boehm’s Knot Insertion Algorithm



Lane-Riesenfeld Algorithm -- Quadratic B-splines

Mofl tll/tl l/tltz t2u2 l/l2t3 t3u3

SNNSNSN NN

Il hty 1ty Ity Ihl3 13ty
Arbitrary Knots
=tz Ul fet

Ik
Tyl — g Trs1— Uk




Schaefer’s Algorithm -- Quadratic B-splines

SNSNNSN N

fot| Upt| htp Uity thts  Uyls

AVAVAVIVAVAN

foty folt1 tt, tt byts 1t taly « -

Arbitrary Knots

4 —Uu u-—

Tyl — I Trs1 =tk



Quadratic B-splines

Schaefer’s Algorithm
e Inserts New Knots in First Round

 Not Necessary to Convert to Piecewise Bezier Form

e Faster than Lane-Riesenfeld -- Half the Work in the Second Round



Knot Insertion: Quadratic B-splines

1515 Ust3 f3U3

lHuy
t4u4
Ul

Iyls
L,

Lane — Riesenfeld: @ =t,t,,

Schaefer: @ =uyt,



Lane-Riesenfeld Algorithm -- Cubic B-splines

? ?
Lb2 152,25 2253 252,35 334
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Uniform Knots



Lane-Riesenfeld Algorithm -- Cubic B-splines

?
k2 1b22y 2253

/\/\/‘\
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1,15,2) + _(12 3) + _(222 3)
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79 3y2 L 1
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4
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Lane-Riesenfeld Algorithm -- Quartic B-splines
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Lane-Riesenfeld Algorithm

e Build Algorithm for Next Degree Atop Algorithm for Previous Degree
 Append One Additional Round of Averaging

e Harder and Harder to Prove by Blossoming



Schaefer’s Algorithm -- Cubic B-splines
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Schaefer’s Algorithm

Cubic B-splines
e Build Atop Algorithm for Quadratic B-splines

* Append Next Original Knot to Each of the Blossoms on the First Two Stages
-- Example: uply — upltr

 Promote Every Other Point to the Next Stage with No Additional Computation
e Introduce New Knots Using the Multiaffine Property of the Blossom

e Easy to Prove by Blossoming



Alternative Algorithm -- Cubic B-splines

hinly wityUy LHUgls UytsUs f3Usty ---
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Problem

Observation

e Schaefer’s Algorithm does not Reduce to the Lane-Riesenfeld Algorithm
when the Knots are Uniformly Spaced.

Questions

e Does there Exist a Global Knot Insertion Algorithm that Reduces to the
Lane-Riesenfeld Algorithm for Uniform Knots?

e If Such an Algorithm Exists, is it Unique?



Lane-Riesenfeld Algorithm:

Cubic B-splines -- Arbitrary Knots
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Lane-Riesenfeld Algorithm:

Cubic B-splines -- Arbitrary Knots
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Parameters for Lane-Riesenfeld Algorithm

A = g ) — ) 2(ug =ty Vg = tx_1)
a Br

(Frs1 — k=2 )(Fkr1 —tg—1) (te42 = L) gy — ) =0 )

A(uy, —vy) than — 1y
vy = k= Vk vk=tk_1+/3’k(k+2 k1)
tk_1+3tk+2—4vk 2




Summary

Global Knot Insertion Algorithms
e Exist for Arbitrary Knot Sequences

e Are Easily Derived from Blossoming



Open Problems

Find a Global Knot Insertion Algorithm for Arbitrary Degree that

Reduces to the Lane-Riesenfeld Algorithm for Uniform Knots.

Find the Simplest Knot Insertion Algorithm for Arbitrary Degree that
Reduces to the Lane-Riesenfeld Algorithm for Uniform Knots.

e  How Complicated are the Labels Along the Edges?



