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Abstract

We present a streaming method for reconstructing surfaoeslarge data sets generated by a laser range scanner
using wavelets. Wavelets provide a localized, multirdgmiuepresentation of functions and this makes them ideal
candidates for streaming surface reconstruction algarish We show how wavelets can be used to reconstruct the
indicator function of a shape from a cloud of points with asated normals. Our method proceeds in several
steps. We rst compute a low-resolution approximation @ thdicator function using an octree followed by

a second pass that incrementally adds ne resolution detdihe indicator function is then smoothed using a
modi ed octree convolution step and contoured to produae tial surface. Due to the local, multiresolution
nature of wavelets, our approach results in an algorithmrai@ times faster than previous methods and can
process extremely large data sets in the order of severadteahmillion points in only an hour.

Categories and Subject Descript@ascording to ACM CCS) |.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling

1. Introduction large statues such as Michelangelo's David standing at 14
feet tall, the number of samples can easily be in the hundreds
of millions to billions of points. Such large amounts of data
necessitate ef cient algorithms, both in terms of time and
memory, to process the collected samples in a reasonable
amount of time. In addition, real world data always contains
noise due to sensor inaccuracies, which calls for robust and
reliable techniques for handling this problem.

Creating digital models of real-world objects has a number
of applications ranging from industry, where digital mod-
els of real objects are used to perform a physical simulation
or to visualize a shape in a way not possible in real life, to
entertainment where digitized clay models are animated for
games or movies, to archeology and art, where these tech-
nigues are used to create digital repositories of artisbidwe/

(as done in the Digital Michelangelo ProjedtHC 00)). Recently, implicit methods, such as the level set meth-
Typically, the shape is acquired using a laser range scan- ods pioneered by Oshe®F0] and Sethian $et99, have

ning device such as the Cyberware Large Statue Scanner,gained popularity as techniques for surface reconstmictio
which provides point samples from the surface of the object. They rely on the idea that it is much easier to work with
The point samples are then used to build a three dimensional a shape through its level set function than with the shape
polygon model that approximates the shape of the object be- directly. This is because one can perform computations on
ing scanned. levels sets of the function (i.e. surfaces) on a xed Carte-
sian grid without having to parameterize the surfaces. On
the other hand, in the last two decades, wavelets and other
multiscale representations have had an enormous impact on
image and signal processing, mainly due to their hierarchi-
cal structure and localization properties. The objectife o
this paper is to fuse these two techniques and create a fast,
robust streaming algorithm for surface reconstructiomfro

Reconstructing surfaces from the data produced by these
scanning devices can be inherently dif cult. The surfacg/ma
be oversampled in some regions due to multiple, overlap-
ping scans, typically taken in the attempt to cover the en-
tire shape. On the other hand, cracks and crevices usually
cannot be scanned and physical size limitations may prevent
the scanner from scanning every portion of the shape, so the
data may contain gaps and holes. Furthermore, with the ad- point cloud data.
vent of faster processors and cheaper storage, the amountContributions
of collected data has grown dramatically. For example, for We present a fast, simple and efcient method that
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combines the advantages of implicit methods and the mul-
tiscale structure of the wavelet/subdivision based method
to automatically reconstruct a surface from an unorganized
oriented cloud of points. We use point samples from the sur-
face of a solidM  R® to reconstruct the indicator function
cm of M, whose appropriate level set is an approximation to
the solidM.

Our method is based on selecting the right basis to rep-
resent the functiory. Instead of using globally supported
functions (for example the Fourier basis), we resort to a ba-
sis that consists of a hierarchy of compactly supportecsbasi
functions. Thus, each sample point only in uences a small
number of coef cients in the representation @fj, leading
to a computationally ef cient algorithm many times faster
than previous techniques. Our method is very general in the

sense that we can use any orthogonal or biorthogonal com-
pactly supported wavelet basis. The choice of basis depends

on the particular application in mind and is dictated by the
user's desire for quality/smoothness of the reconstrusted
face versus the speed of reconstruction. In some applisatio
quality of the reconstructed surface is more important than

the speed of the reconstruction. In others, such as the navi-

in the pursuit of handling large data sets. However, since
these algorithms interpolate the input data, they do not per
form well in the presence of noise. Furthermore, they typ-
ically need neighboring information to create the triangu-

lations, which makes them many times slower than most
implicit methods and thus unsuitable for reconstructing ex

tremely large data sets.

Implicit algorithms reconstruct a surface using a level-se
of a function. In this case parametrization is not necessary
and operations such as shape blending, offsets, defomsatio
and others are simple to perform. Also, these methods typ-
ically approximate the input data and, hence, are more ro-
bust to noise in the input data than many triangulation-thase
techniques.

One approach utilizing this technique is based on Radial
basis functions (RBF)JBC 01]. However, tting and eval-
uation of RBFs on large data sets is quite slow and, therefore
it is dif cult to use this technique to reconstruct implisitir-
faces from large point sets consisting of more than several
thousands of points.

Another well known implicit method is the MPU Im-

gation of unmanned vehicles, reconstruction speed is more plicits [OBA 03]. This technique is an octree subdivision
imperative than quality. Our technique provides a general method that locally ts piecewise quadratic functions to
framework for handling any of these applications simply by the data and uses weighting functions (partitions of unity)
selecting the appropriate wavelet basis. Smoother wavelet to blend these functions together. Similar to the FastRBF
will provide smoother surfaces but require more computa- method, MPU Implicits can produce noisy surfaces with ex-
tion. As the support of the wavelet decreases so does thetraneous parts. However, MPU Implicits is simple and very
smoothness of the wavelet and, hence, the smoothness of thefast.

reconstructed surface. However, smaller support leads to a

more computationally ef cient algorithm. Other implicit methods are the method of Hoppe et

al. [HDD 92] and VRIP [CL96]. They are more robust with
We also utilize the hierarchical structure of the wavelet respect to noise than many other a|gorithms_ While slower
basis to develop a streaming implementation, where we keep than MPU Implicits, both methods are still quite fast. Note
only an octree of some small depdk in memory and en-  that, despite run-length encoding tricks used in VRIP, both
code subtrees corresponding to high-resolution detais i methods have dif culty processing extremely large data set

streaming fashion. This streaming technique allows the con due to the requirement that the representation of the iibplic
sumer to process massive data sets with complexity exceed-function resides in memory.

ing the available computer memory. o )
More recently, an implicit surface reconstruction method

based on Fourier series was developed KaZ03. This
method has the advantage that the reconstructed surface is
The problem of surface reconstruction has been well stud- smooth and the method robustly handles noise and gaps in
ied in the last few decades and we cannot possibly cover all the data. However, computing a single Fourier coef cient
contributions. Here, we discuss only some of the existing requires a summation over all input samples since the ba-
methods and refer the reader 8505 for a brief survey on sis functions are globally supported. The method also re-
some recent developments in this eld or t0§H06] where quires huge amount of memory due to the use of uniform
an excellent comparison of many reconstruction techniques grid, which limits its application to relatively modest siz

is provided. data sets. A solution to this problem was recently proposed
in [SBS01, where the authors suggest combining the ap-
proach in Kaz09 with adaptive subdivision and partition of
unity blending techniques irdBA 03].

2. Previous Work

Surface reconstruction techniques fall into two main cate-
gories: explicit and implicit methods. Explicit methods ar
typically triangulation-based techniques. The Power Crus

algorithm [ACKO01], Robust Coconel)G0€ and Super Co-

cone DGHO01] are among the well-known examples of such
methods. Streaming triangulation algorithms for surfaee r
construction BMR 99, ACA07] have also been developed

The FFT approach, developed ikgz09, was later mod-
i ed in [ KBHO6]. The modi cation utilizes an octree and
nds the implicit function by solving a Poisson equation.
In [BKBHO7], the method is further enhanced by using a
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Figure 1: Surface reconstruction of “Barbuto” from laser range scazentaining at total 0f329 million points (7.34GB of
data). Our wavelet surface reconstruction method comgl#ie reconstruction i112 minutes witt329MB of memory.

streaming approach, which allows the algorithm to handle
truly massive data sets on the order of hundreds of millions
of point samples. However, despite its speed, processimg ca
still take days to even weeks for large number of points.

3. Wavelets for Surface Reconstruction

Wavelets provide an alternative to classical Fourier meth-
ods for one- and multi-dimensional data analysis and synthe
sis, and have numerous applications both within mathemat-

ics and in areas as diverse as physics, seismology, medical

imaging, digital image processing, signal processing,-com

puter graphics and video. The main appeal of wavelets stems

from their simultaneous localization in both frequencyyea
number) and spatial (position) domains. These properties a
low many classes of functions to be approximated by a rela-
tively small number of wavelet basis functions while kegpin
most of their information content.

In our method, we use the input poinpson the surface
M and their outward normatg to construct an approxima-
tion to the indicator functiogy, of the solidM with bound-
ary M. The indicator function is de ned to be 1 insidé
and 0 otherwise,

1
0;
We construct the approximatiotyy by approximating the
wavelet coef cients ofcy. Then, the surfacM of a level
setM of &y is an approximation to the original surface.

X2 M;

em(x) =
M) elsewhere

3.1. Wavelet Representation

First, we brie y review some properties of wavelets nec-
essary for our construction. Similar properties hold for
biorthogonal wavelets.
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Letj be a compactly supported univariate scaling func-
tion with orthogonal shifts which satis es the two-scale re
lation

M= a aj@
227

Dk @
where only nite number of coef cienta- are nonzero. Let
y be the univariate wavelet function with compact support
which is obtained fronj by multiresolution. The formula
fory is

yh=a( harj@ ) (2)

2z

wherea; - denotes the complex conjugateaf -. Exam-
ples of such wavelets and scaling functions were given by
DaubechiesDau93. We use standard construction of three
dimensional wavelet bases. We shall use the not&t?cm j
andy! = y. Let E® denote the set of vertices of the cube
[0; 1]3 and letE denote the set of vertices excluding the ori-
gin (i.e. E = E°n(0;0;0)). For eache= (e1;e;€3) 2 E°,
j 2 N andk = ( ky;ko; k3), we de ne

y5x0= 2y %2 k)y® (2% ky®(2% k)
wherex = ( Xq;X2; X3). Each functionf that is locally inte-
grable onR? has the wavelet expansion

(0;0;0)

f0= & cox
k272

(0;0;0)

Yik )+ a a a Sy ik®;

j2Nk2z3e2E
®3)
where each:‘]?;k is given by
Z
= Oy F(ax

Here, the index denotes the spatial index of the 3D cell at
resolutionj. The indexeis called the gender of the wavelet
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and indicates which type of the 8 tensor product basis func-
tions is being used.

3.2. Building the Indicator Function

In the case of surface reconstruction, the functfois the
indicator functioncy of the solidM. Without loss of gen-
erality, we may assume thst lies in the cubdO; 1)3 The

coef cients C(000) andc 'k in the wavelet representation of
Cm are determlned by
z

Gk =, MOy f() dx

Z

=297y ky¥@% ky¥(@x kydx

Notice that, unlike standard wavelet applications in image
processing, we do not have samplegffrom the interior
of M, but only from its boundary. Therefore it is not obvi-
ous how to use wavelets to construct an approximation to
the unknown functiorty. In [Kaz0g Kazhdan observed in
the context of computing the Fourier coef cientsay that
integrals of this form can be represented as surface iltegra
using the Divergence Theorem

z

Z
r F(x)dx= E(p) n(p)ds;
M M

(4)
whereF = (F;F,; F3) is a vector valued function 0R3,
A(p) is the outward unit normal to the surfaf®l at pointp

andds is the differential surface area §M. To apply this

theorem to compute each of the coef cienfg andcé?(o o

we must construct vector valued functidﬁﬁ, e2 E, and
Far? that satisfy

ye@x ky®@x ky®(2x ke):
®)

Given such a functionﬁje;k satisfying 6), we can discretize
(4) over the point sampleg(; i)

r 'E]P:k (X) =

cfik 23“2a F(p) nidsi; ©)
whereds; is an estimate of the differential surface area as-

sociated with the sample poip.

There are many choices of functioﬁﬁk that satisfy §);
however, many willnot have compact support even if the
associated wavelet basis does. This lack of locality witi ru
any effeciency gains we obtained from using compactly sup-
ported (biorthogonal) wavelets as the computation of each
coef cient c‘f;k will be in uenced by all pointsp; on the sur-
face. We present a construction of functicﬁﬁ, which can
be found in the Appendix, that creates compactly supported
Ifjek, e 2 E, for any compactly supported (bi)orthogonal
wavelet basis. Furthermore, the functlonstf[‘i'p< e2 E will
have the same support as the underlying wavelet basis.

Therefore, §) can be written as

o
a
pi2 M\ suppy §

cf 2% Eik(p) Aids;

where suppy § denotes the support of,. Notice that

as opposed to globally supported bases like the Fourier ba-

sis, this summation does not involve all point samples, but

only those that belong to the supporty)T;k. The only co-

ef cients that involve summation over all pointg are the
(000 | this case, we only need to compute those co-

Cok
ef cients c(ooo) that correspond to basis functiongx;

k1)j (xo kg)] (x3 ks) whose support overlaps the region
of interest[0; 1)3 containingM. Fortunately, this is a small,
constant number of coef cients that depends on the support
of the scaling function .

Finally, the computation of the coef cients iB)requires
an evaluation ofds;, associated with the poirp;. There
are many ways of estimatirds; and Kaz0g provides one
such method based on Gaussian weighting. We use a sim-
ple, octree-based method to compdsg that handles non-
uniformly sampled data points. We re ne all octree cells
containing sample points until we reach some maximum
depthdmax speci ed by the user. Once all points are inserted
into the octree, we prune leaves of this tree until every leaf
is adjacent to at least 3 octree cells of the same depth that
also contain sample points. Our cutoff of exactly 3 adjacent
cells is not arbitrary since it guarantees the minimum num-
ber of cells necessary to form a connected piece of surface (a
tetrahedron). Then the value d$;, associated with a point
pi inside a leaf from the octree is given big; = 2 2=,
wherem is the total number of points in this leaf addis
the depth of the leaf. This quantity is exactly the area of the
side of the leaf divided by the number of points in that leaf.

The computation ofls; creates an octree in whose cells
we store not only the number of points inside the cell, but
also the wavelet coef cients that are indexed by this cdle T
cells of the octree at each levelnd positiork 2 R? store
the non-zero coef cients‘fk for all e2 E. Note that we may

requwe octree cells outside [, 1)3 to store coef <:|ents'.:J K
ofy .k Whose support overlaps the sample points.

4. Surface Extraction

As described in SectioB.1, we compute an approximation

Cm to cm, and recover a solidf that is a level-set of the

Cm. SinceCy  cm, which is 0 outsideM and 1 inside of

M, extracting the solid at leve) is a reasonable choice. For
poorly scanned surfaces or point sets with high amounts of
noise, we can choose a data-dependent iso-value using the
average value oy over the sample points.

4.1. Polygon Generation

The ability of wavelets to detect discontinuities natuyrall
creates an adaptive re nement of the octree near the bound-
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Figure 2: Surface reconstruction using Haar wavelets (left)
results in a noisy surface because the basis functions are
discontinuous. Smoothing the indicator function resuita i
substantially smoother surface at a small cost to speed and
approximation quality (right).

ary IM of M. We use this octree to construct a polygonal
model of the boundar§M by applying the octree contouring
method from BWO04. This algorithm computes the dual cell
structure of the octree through a recursive octree walk. The
method uses the values@y; at the vertices of the dual cells,

Figure 3: Depiction of our streaming implementation. \We
rst construct the wavelet coef cients of the indicator fun
tion, smooth the function and then extract the iso-surface.

ing the function with a small smoothing kernel over a uni-
form grid. However, for the large data sets that we target,
convolution over uniform grids is too expensive. Therefore
prior to polygon generation, we perform an approximate
smoothing pass, modi ed to operate over octrees, whose
complexity is proportional to the size of the octree. We use a
small convolution mask that only involves adjacent celld an
is the tensor product of the magk; 1; 1) in R®.

We smooth the functiofiy, given by @), where the sum-
mation over the dyadic levelsis up to a user speci ed depth
dmax Given a cell at depthl, we compute the value @M

located at the centers of the corresponding octree cells. We at the center of the cell and its 26 neighbors at the same

then run Marching Cubed.{£87] on the dual cells to cre-
ate a water-tight, adaptive contour, which is guaranteed to
produce a topological and geometrical manifold. Since the
number of dual cells is proportional to the size of the ogtree
the running time of this contouring method is also propor-
tional to the size of the octree.

4.2. Post-processing of the Indicator Function

The smoothness of the (biorthogonal) wavelet used will im-
pact the smoothness 6, and, therefore, the smoothness
of the level set. Wavelets with small support yield higher
performance algorithms because fewer wavelet coef cients
in (6) need to be calculated and each coef cient is in uenced
by a smaller number of sample points. However, smaller sup-
port negatively impacts the quality of the resulting suefac
Instead of increasing the support of the wavelet to improve
the quality of the reconstructed surface, one alternasite i
perform a post-processing smoothing step on the indicator
function ¢). With this method, we can retain the time ef -
ciency associated with wavelets of small support and aehiev

level using 8) by summing up to deptdl. If a neighbor does

not exist, then the wavelets indexed by this neighbor do not
contribute to the sum. We then perform uniform convolution
over this locally uniform grid and we treat the obtained ealu
as the value of the smoothened function at the center of that
cell. Figure2 shows an example of a surface reconstructed
using Haar wavelets (see Secti®nwithout (left) and with
(right) this smoothing step.

4.3. Streaming Implementation

The storage space f6§, is proportional to the surface area
of the reconstructed surface because re nement is only per-
formed near point samples. However, extremely large data
sets may require more space than can tinto the memory of
most desktop machines. To combat this effect, we develop
a streaming version of our algorithm. Like most streaming
algorithms, we require that the input points are sorted & on
of the Euclidean directions. If the points are not sorted, we
preprocess them by sorting along the longest Euclidean di-
rection of their bounding box using an out-of-core merge

a more visually appealing surface. We have compared the sort. We assume, without loss of generality, that the sant is

Hausdorff error obtained by this method with the error pro- the zdirection. For a data size of about 205 million points,
duced by other techniques. The results are summarized inthe sort takes 20 minutes and the sorting time is negligible
Table 3 and show that our method, with and without post- compared to the time for surface reconstruction.
processing, outperforms other techniques in terms of accu-

racy Our streaming algorithm builds a low resolution, in-core

approximation oty down to some depttin < dmax where
Smoothing a function is typically performed by convolv-  dmaxis the maximal depth of the octree and encodes subtrees
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corresponding to high-resolution details in a streamisgfa The Daubechies D4 wavelet is determined by (vhere the
ion. Note that the coef cientss.. " depend on all sample  COef cients come from the scaling relationship

points and, therefor&y cannot be evaluated until all points 0 i (20) 1
are processed at least once. Our solution is to perform two p_ p_ p_ Ps Bj(2 1
passes over the data. The rst pass constructs all coeftsien | = l+4 3 3+4 3 3 Z 3 1 y: 3 %} 2 2 :
down to depthdm. The second, streaming pass builds the i 3
non-zero wavelet coef cientsje;k ofEm fordm< j  dmax

Figure4 depicts plots of both the scaling function and D4

N dm N dm ‘ Orm
and 2 ks< (+ 1)2 for 0 < 2°m, For each wavelet.

slice *, we build the corresponding wavelet coef cients by
inserting points into the octree and re ning the tree only
where @) creates non-zero coef cientﬁ;k. We then smooth

the function values and create polygons before deleting the
subtrees corresponding to the slice from memory. Figure
depicts this streaming process. ~7

Any choice ofdm will work with our streaming algorithm,
but its value will affect the amount of memory required to
reconstruct the surface. Obviously, choosiiag= 0 or dmax
requires the entire tree to tinto memory. Assume we have
L leaves of the octree at depthhax. Since the size of the Figure 4: The D4 scaling function (left) and the corre-
octree at each level is proportional to the surface ar§d/iof sponding waveleg (right).
the number of cells at depthis approximately 4 (max )

Therefore, our streaming algorithm stores approximately

Given that the D4 wavelgt has no analytical represen-

Om L b d L ) . .
2 _ = 4+ = é_ i tation, we evaluate the functloﬁk (see the Appendix) at
j= Admax 1 20 =t 1 4max ] the sample pointg; using a piecewise linear interpolant of

i ,y,F andY based on the exact values of these functions
on a uniform grid. The exact values on uniform grid are
found using standard techniques of evaluation of functions
that satisfy a scaling relationship with nite number of ron
zero scaling coef cients, see for exampENI93, BCUOQ.
Note that the functions andY are in this category as well.
For exampleF satis es the scaling relation

cells in memory at any one time because we kiegtices

in memory for the different stages of our algorithm, where
b is dependent on the support of the wavelet used. For the
Daubechies wavelets we consider in Sectiph = 4. Min-
imizing this sum with respect tdn yields an optimal value

of dm :69dmax. While this technique does not allow us to
process arbitrarily deep octrees (the octree to déptimust 0 1
still be stored), it does allow us to process much deepes tree F(2t)
than a strictly in-core algorithm. We have been able to recon F(t) = 1+P3 a3 3Pz 1 P3 %F (2 D,
struct surfaces down to depth 14 in memory (see Seéjon 8 8 8 8 F(2t 2A°
At that resolution, a single cross-section of the grid at the F(2 3
maximal depth has over 250 million cells and allows us to derived by integrating the scaling relation
process the largest data sets that we could obtain.

forIn our im-
plementation, we use a uniform rational grid with spac@gg
to represent these functions, but grids with different spac
5. Implementation can easily be used.

In the applications we are interested, computational tene i

of major concern, which motivates us to explore wavelets 6. Results

with small support such as the Haar and D4 Daubechies pere e present the results obtained by our method using
wavelets. Despite the lack of smoothness of these Wavelets,the Haar and the D4 wavelets, in terms of speed, memory

the reconstructed surface is of good quality and is a good ¢ ciency and accuracy. We compare our method with some

approximation to the original surface (see Sectpn of the best known methods for surface reconstruction based
The Haar wavelet is given by the formula on point cloud data. We show that, in terms of time, our tech-

) o nique outperforms these methods by an order of magnitude
y(t) = 1'1_ 01—2t < tlzz’l_ (see Table?) while producing surfaces whose accuracy is

v ’ comparable to the accuracy of the surfaces obtained by the

and its corresponding scaling functipris other methods (see Tati.

S 1, 0 t<1; We apply our algorithm to point clouds for which the sep-

1= 0; elsewhere arate point scans are already aligned in 3D. If the scans are
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Figure 5: Reconstruction of a hip bone using Haar wavelets with vargmounts of noise in the normals. From left to right:
0 degrees, 30 degrees, 60 degrees, 90 degrees uniform rant@tonal deviation in the normal direction.

not aligned, then we perform a preprocessing step that in-

volves a method like the one iBBR0O7. We also assume

that each point samplp; on the surface has an associated

outwards unit normath; to the surface ap;. If the data for

the normals is absent, we can estimate the normals using

a local PCA method or polynomial tting. However, many

scanners produce not only point samples, but partiallptria

gulated scans re ecting the scanner's estimate of whichrsam

ples are connected from a single scanning direction (all of

the data in the Digital Michelangelo Project is of this form)

While these triangles are not suf cient to produce a closed,

triangulated model, they do give us the ability to estimate

normals ef ciently. Furthermore, the orientation of therno

mal (inwards vs. outwards) can also be constructed robustly

from these scans since the scanners rely on visibility infor

mation and the normals must be oriented in the direction of

the scanner. Figure 6: “Awakening” with 381 million points 8:51 GB of
The process of estimation of normals for our point sam- data) reconstructing using Haar wavelets at depth 14 took

ples from the data provided by laser range scanners can be@Pout 81 minutes and produced o0 million polygons.
inaccurate and can introduce signi cant errors. However, w e show two extreme zooms indicating that even small chisel

show that our technigue is robust with respect to errors in Marks are reconstructed with a high degree of accuracy.

the normal directions. Figur® shows several reconstruc-
tions where we incrementally add more noise to the input
normals. Even at 90 degrees, the surface is still faithiely ~ anq the noise is relatively low. However, in some cases,
constructed. With more noise the reconstruction quality be - the reconstruction begins to t noise in the data, due to the
gins to suffer noticeably, but at this noise level90 degrees  gma)| support of the Haar wavelet, and results in the appear-
deviation) the normals are pointing inwards to the surface ance of artifacts. Surface reconstruction using D4 waselet
and begin to be meaningless. provides a much higher reconstruction quality compared to
Surface reconstruction using Haar wavelets is extremely Haar wavelets. The support of the basis functions is larger,
fast. Haar wavelets create a minimal number of coef- Which makes the method more resilient to noise in the input
cients in the octree. These coef cients can be computed very data. The larger support of this basis also increases the num
quickly because the scaling and wavelet functions as well as ber of coef cients we have to store and their computation
their integrals have an analytical form and the supportefth time. Furthermore, using D4 wavelets roughly triples the
wavelet is small. Figuré shows a depth 14 reconstruction of number of octree cells needed for the Haar wavelet. Never-
Michelangelo's Awakening statue using Haar wavelets. This theless, reconstruction times are still quite fast. Figire
data set is one of the largest we obtained and contains 381and7 (bottom right) are all reconstructed using D4 wavelets.
million points. Despite its size, our method is able to praalu

) A . Table 1 shows reconstruction times for several popular
a faithful reconstruction in about 81 minutes.

surface reconstruction methods for which implementations
For many real-world data sets, Haar wavelets create pleas- are freely available, all operating on the same data setof 4
ing surface reconstructions when the scans are well-aligne million points from David's head and at a maximal octree

C 2008 The Author(s)
Journal compilationc 2008 The Eurographics Association and Blackwell Publighitdl.



J. Manson, G. Petrova & S. Schaefer / Surface Reconstruttng Wavelets

Figure 7: Comparison of reconstructions of David's head
with 4:5 million points (103 MB of data) at depth with
MPU Implicits (top left), Poisson reconstruction (top righ
Haar wavelets (bottom left) and D4 wavelets (bottom right).

Method Time(sec)| Memory(MB) | Polygons
Ohtake et al 551 750 1582380
Bolitho et al 289 57 1257980
Haar Wavelet 17 13 1357872
D4 Wavelet 82 43 1377858

Table 1: Reconstruction of David's head consisting4b
million points at deptt® with various methods.

depth of 9 where appropriate. All tests are run on an Intel
6700 with 2GB of RAM. DBA 03] is typically considered

a fast surface reconstruction algorithm, yet our method us-
ing D4 wavelets is roughly 6 times faster and Haar wavelets
over 30 times faster. Due to our streaming implementation,
our memory requirements are very low as well.

Table 2 includes reconstruction times for some of the
largest data sets that we could nd. Many of these data sets
contain well-aligned scans and Haar wavelet reconstnuctio
performs well without many errors due to noise or mis-

Model
Barbuto
Awakening
Atlas

Haar,12
38.7/100
45.5/100
51.7/133

Haar,13
58.3/252)
62.4/187
59.0/35]]

D4,12
111.9/329
133.3/339
148.4/448

Points
329M
381M
410M

Haar,14
81.6/777
80.8/573

97.6/1188

Table 2: Reconstruction of various models using Haar
and D4 wavelets at various depths. Data is of the form
time/memory where time is measured in minutes and mem-
ory in MB.

aligned scans. Our method using Haar wavelets was able to
process each of these data sets in under an hour at depth
12 and under 2 hours at depth 14. Using D4 wavelets was
slower but we were still able to complete even Atlas with
410 million points at depth 12 in under32hours.

It is dif cult to measure the accuracy of a surface re-
construction if only point scans are available. Fitting the
points exactly may yield an undesirable surface away from
the point samples. Furthermore, gaps/holes in the data set
make the development of a good, two-sided error met-
ric challenging. We overcome this problem by sampling
points and normals densely from known polygon models
and then reconstructing surfaces with each method from
these points sets. We then compute the Hausdorff distance
between each reconstructed surface and the original shape
using Metro CRS9§. Table 3 summaries the results. The
values for each row are normalized by the maximum error
among all methods to provide a relative comparison between
the different techniques. MPU is on average the worst among
the tested models, followed by the Poisson reconstruction,
which typically performs much better. However, in all cases
Haar and D4 wavelets with and without smoothing recover
the surfaces with higher degree of accuracy than the Poisson
reconstruction and in only one case (the hand) does MPU
outperform the wavelet methods.

These results seem somewhat counter-intuitive as the
Poisson reconstruction in Figuizis obviously smoother
and appears more desirable than either the Haar or D4 recon-
structions. Good surface reconstruction routines mustfgat
the Hausdorff error metric since it measures if extraneous
sheets or bulgs are created; however, this error metric does
not measure normal quality. Both Haar and D4 wavelets pro-
duce surfaces that may have high frequency artifacts in the
normals since both wavelet bases are not smooth. As the
smoothness of the wavelet basis increases, these artifacts
crease but the surface will have a higher Hausdorff error,
which is why surfaces produced using D4 wavelets typi-
cally have higher Hausdorff error than those produced by
Haar wavelets but appear to be higher quality. Smoothing
the function mitigates the artifacts in the normals at th& co
to approximation quality, which is clearly seen in TaBle
This is an illustration of a well known phenomenon where
approximation accuracy is sacri ced in order to reduce os-
cillations.
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Model MPU Poisson Haar Haar Smoothed D4 D4 Smoothed

armadilloman| 1.000000| 0.259120| 0.153069 0.212276 0.151215 0.224511
happy buddha 1.000000| 0.364243| 0.223781 0.339264 0.346450 0.356715
cow 1.000000| 0.086590| 0.036725 0.046528 0.071015 0.074601
dragon 1.000000( 0.790500| 0.602828 0.536930 0.617106 0.636463
elephant 1.000000| 0.507040| 0.363651 0.221071 0.320602 0.372229
hand 0.332169| 1.000000| 0.380563 0.565324 0.335825 0.589883
hip 1.000000( 0.110895| 0.064997 0.093744 0.061002 0.091113
malaysia 1.000000( 0.217397| 0.151879 0.189831 0.144758 0.200062
teeth 0.835987| 1.000000| 0.418790 0.503185 0.471338 0.702229

venus 1.000000| 0.371843| 0.184752 0.260992 0.198316 0.285313

Table 3: Hausdorff distance between real surfaces and reconstilustiefaces from sampled data. Each row is normalized by

the worst geometric error (lower is better).

Figure 8: Reconstruction of Michelangelo's Atlas widi0
million points @:15 GB of data) at depthl2 with D4
wavelets took less thah5 hours and produced2:7 million
polygons.

7. Future Work

In the future, we would like to implement other smoother
basis functions whose support size is relatively small.-Con
trolling support is important, because the size of the sup-
port of the basis functions is closely related to the compu-
tational cost and time ef ciency of the algorithm, and thus
a smaller support leads to a faster algorithm. On the other

hand, smoother basis functions are needed for smoother re-

constructions, but smother functions require larger sttppo
We would like to understand quantitatively this dichotomy
and select a basis for which these two quantities are at
balance. Examples of bases we would like to explore in-
clude smoother wavelets, biorthogonal wavelets and quasi-
interpolants. In general, any basis that consists of smooth
compactly supported functions that allow multiscale decom
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position and have vanishing moments could be used with our
technigue though.

Wavelets are renowned for their applications in image
compression and de-noising. In 3D, their localization prop
erties allow us to ef ciently representy; in terms of its
wavelet coef cients and this is one of the main reasons
for the speed and ef ciency of the proposed algorithm. We
would like to explore wavelet techniques for image de-
noising and how they can be used in the context of surface
reconstruction to create fast methods that are even more ro-
bust with respect to noise.
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Appendix A: The functionsF G
We de ne
Zy Zy

F(t) = j(9ds Y():= y(s)ds

Notice thatFqt) = j (t) and Yt) = y(t), and for com-
pactly supported wavelet¥, will have the same support as
Y, sinfey has at least a zero-th order vanishing moment,

i.e. y(s)ds= 0. We now de ne the following vector
1

functions®5 for j 2 N, k 2 Z3, ande2 EC

£ 050 $FCa k)i (o k)i (s k);
X)= j(xa k)F(x ko)j(xs ka);
j(a k) (2 k)F(x3s k3));

FE2900=2 J(v(@x k)i (2% k)i@x k)00);

FOROm0=2 10 2 k)Y (2% k)i (2% ke):O);

FlP00=2 100 (2 k)i (2% k)Y (@x k)

R0 ) = (Y@ k)y(@x k)i (2xs ke);
y(@x k)Y (2x2 ko) (2/xs ka);0);
PO o 200 (@ k)Y(@x k)y(@x k);
: i (2% k)y(@% k)Y (2% ks));
RO 2 (Y2 k)i (2 kly (2 k)0
I y(@x k)i (2% k)Y (2'x k)
w3 (Y@ ky@x )y (@xs k)
Fi 77 00= y(@2x k)Y(2% k)y(@2'xs ks);
y(@x ky(@x k)Y(2'x ks):

Computing the divergence @‘]ek shows that each of these
functions satis es%). Note that, fore 6 ( 0; 0; 0), the support
of If is nite and the same as the supporty)Tk While
the smoothness of the wavelet affects the surface accuracy
of the reconstruction, compact supporfofs extremely im-
portant since, without it, the number of non-zero wavelet co
ef cients in (6) is proportional to the volume of the solid
rather than the surface area of the shape. This lack of tgcali
would render the reconstruction algorithm computatignall
impractical for large data sets.
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